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edge have been surprising. Benoit Mandelbrot, creator of fractal geometry, would 
have been surprised by the use of fractal analysis presented in this book. Here we 
present the use of fractal geometry, in particular, fractal analysis in two sciences: 
health sciences and social sciences and humanities. Part 1 is Health Science. In it, 
we present the latest advances in cardiovascular signs, kidney images to determine 
cancer growth, EEG signals, magnetoencephalography signals, and photosensitive 
epilepsy. We show how it is possible to produce ultrasonic lenses or even sound 
focusing. In Part 2, we present the use of fractal analysis in social sciences and 
humanities. It includes anthropology, hierarchical scaling, human settlements, lan-
guage, fractal dimension of different cultures, cultural traits, and Mesoamerican 
complexity. And in Part 3, we present a few useful tools for fractal analysis, such as 
graphs and correlation, self-affine and self-similar graphs, and correlation function. 
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Preface

Fractal analysis has entered a new era. It is no longer just creating nice images, nor is it a
branch of mathematics with little interaction with the other areas.

In this book, mathematical models and actual applications to health sciences and social sci‐
ences and humanities are presented.

Benoit Mandelbrot, creator of fractal geometry, would have been surprised by the use of
fractal analysis presented in this book. It has been applied to such areas as anthropology,
study of cultures, languages, cardiology, cancer prevention, medical image analysis, focus‐
ing sound, etc. If Mandelbrot had known that the answer to the 300-year-old mathematical
problem of giving physical interpretation to fractional derivatives was in the fractal dimen‐
sion of the domain of function, he would have surely been quite happy.

In the history of fractal geometry, important contributions were made toward seeing nature
as it is, rather than as an approximation to classical geometry.

With the mathematics deduced from classical geometry, we could only model approxima‐
tions of nature. Part of the history of fractal geometry was using them to create images of
nature on a computer. For example, in 1978, Loren Carpenter achieved unprecedented im‐
ages of mountains by using fractals, for a Boeing aircraft commercial. Carpenter based his
work on the book Fractals: Form, Chance and Dimension, by Benoit Mandelbrot. And so begins
the era of fractal images. Consider, for example, the lava scene from the movie Star Trek III
—a masterpiece of fractal use.

This story takes us to 1999—the use of fractal antennas for cell phones. Cohen constructed
the first fractal antenna for personal use; then, R. Hohlfeld and N. Cohen published an arti‐
cle in which they proved mathematically that in order to receive many frequencies it is nec‐
essary to have fractal antennas.

More recently, while analyzing heart rate charts at Harvard, H. Goldberger realized that
fractal analysis of these graphs allowed him to distinguish between a heart in good health
and one that is not in good health.

It has also helped us detect changes and abnormalities in blood flow, which allows us to
determine whether an organ, such as a kidney, has or will have cancerous tumors, early can‐
cer detection by the use of fractal analysis, basically.

Power laws in nature can be deduced from fractal dimension.

Fractals also allow us to know about the health of a forest. When we see a tree, we realize
that a similar pattern is repeated all throughout the forest itself.



Now we enter the modern part of fractal geometry. We begin with the mathematical model‐
ing that already uses the relation of fractional calculus and fractal geometry, which allows
us to model phenomena with great precision.

The concept of fractal dimension classification cultures, the fractal concept of ramifications
of populations, languages, and so on—the possibilities are endless! It is even used in cardiol‐
ogy, prevention of cancer, medical images, etc. Most applications we present are basically
modern fractal analysis.

In this book, we present the use of fractal geometry, in particular, fractal analysis in two
sciences: health sciences and social sciences and humanities.

Part 1 is Health Science. In it, we present the latest advances in cardiovascular signs, kidney
images to determine cancer growth, EEG signals, magnetoencephalography signals, and
photosensitive epilepsy. We show how it is possible to produce ultrasonic lenses or even
sound focusing.

In Part 2, we present the use of fractal analysis in social sciences and humanities. It includes
anthropology, hierarchical scaling, human settlements, language, fractal dimension of differ‐
ent cultures, cultural traits, and Mesoamerican complexity.

And in Part 3, we present a few useful tools for fractal analysis, such as graphs and correla‐
tion, self-affine and self-similar graphs, and correlation function.

It is impossible to picture today's research without fractal geometry.

Prof. Fernando Brambila
Mathematics Department

School of Sciences
National Autonomous University of Mexico

Mexico
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Section 1
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Chapter 1

Fractal Analysis of Cardiovascular Signals Empowering

the Bioengineering Knowledge

Ricardo L. Armentano, Walter Legnani and
Leandro J. Cymberknop

Additional information is available at the end of the chapter

http://dx.doi.org/10.5772/67784

Abstract

The cardiovascular system is composed of a complex network of vessels, where highly 
uniform hierarchical branching structures are regulated by the anatomy and local flow 
requirements. Arteries bifurcate many times before they become capillaries where the 
scaling factor of vessel length, diameter and angle between two children branches is 
established at each level of recurrence. This behaviour can be easily described using a 
fractal scaling principle. Moreover, it was observed that the basic pattern of blood dis-
tribution is also fractal, imposed both by the anatomy of the vascular tree and the local 
regulation of vascular tone. In this chapter, arterial physiology was analysed, where 
waveform complexity of arterial pressure time series was related to arterial stiffness 
changes, pulse pressure variations and the presence wave reflection. Fractal dimension 
was used as a nonlinear measure, giving place to a ‘holistic approach of fractal dimension 
variations throughout the arterial network’, both in health and disease.

Keywords: fractal dimension, cardiovascular disease, arterial blood pressure

1. Introduction

1.1. The arterial function

Major arteries play two primary functions: to carry blood (they act as conduits) and to 
reduce its pulsatility (they act as dampers). Consequently, pathologies and systemic com-
plications related to the myocardium will be mainly mechanical, including ruptures, clogs 
and pumping failures [1]. Along with the blood transport function, the damping function 
of arteries is responsible for supplying blood to body organs under a stabilized  arterial 

© 2017 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.



pressure regime, under laminar flow conditions. Otherwise, in the course of time, tis-
sues would suffer pulsatility-derived degradation [2]. Thus, the response from the arte-
rial tree in terms of intermittent excitement can be described as a mechanical filtering 
mechanism (removal of sudden variations) of high frequencies or pulsatile phenom-
ena [3]. Cardiovascular pathologies such as arteriosclerosis and its most common form, 
atherosclerosis, drastically affect the blood transport and arterial damping functions. 
Atherosclerosis, in particular, is an example of a disease that affects the conductive aspects 
of flow, thus contributing to luminal obstruction through the formation of atheromatous 
plaque. Therefore, certain organs (such as the heart) may be progressively and inevitably 
unable to receive blood flow under normal conditions (ischemic process). It is evident, 
then, that atherosclerosis is focal, acting at the level of the tunica intima and in a clearly 
occlusive form [1]. Alternatively, the damping function is affected by arteriosclerosis, 
mainly through an increase in arterial stiffening (AS) without affecting the transport func-
tion. For this reason, arteriosclerosis acts diffusely at the level of the arterial tunica media 
and with dilation consequences [1].

Although AS increases irreversibly with age, it is important to differentiate the processes 
altering or accelerating its normal development [4]. With age, systemic arteries’ walls 
undergo histological changes at the level of the tunica intima and tunica media. The pres-
ence of factors such as arterial hypertension (HBP), diabetes mellitus (DM), chronic kidney 
failure, or dyslipidaemia (alteration in the concentration of lipids) is directly responsible 
for the anticipated increase in the loss of arterial blood vessel distensibility [5]. This is due 
to the fact that significant changes in AS are used as early markers of vascular disease 
clinical signs. In this sense, a biological marker is defined as a characteristic that can be 
measured and evaluated objectively and that constitutes an indicator of normal biological 
processes, pathogenic processes or pharmacological responses. Age, gender, blood pres-
sure, cholesterol, and diabetes are considered representative markers of cardiovascular risk 
(CVR) since they can help to predict the occurrence or development of CVDs [6]. More 
specifically, arterial biomarkers include AS, central blood pressure (CBP, measured in the 
aorta, at the output of left ventricle), the pulse wave velocity (PWV), the ankle-brachial 
index (ABI), endothelial dysfunction (ED), intima-media thickness (IMT) and coronary 
artery calcium (CAC). Currently, the inclusion of arterial biomarkers in the calculations of 
CVR prediction statistical models such as Framingham, European SCORE and Reynolds is 
unquestionable [6].

1.2. Arterial viscoelasticity

If a material experiences a reversible deformation when stress is applied on it (recovering 
its original shape when excitement ceases), it is assumed that it has a mechanical prop-
erty called elasticity. The relationship between the applied stress and the experienced 
deformation (stress-strain curve, SSC) determines the type of elasticity of the material. 
Elasticity can be linear, where the SSC is represented by a straight line passing through the 
origin of the coordinates, in which case it is called Hookean. However, biological materi-
als usually exhibit SSCs with convexity, a behaviour described as non-linear. In addition, 
vascular walls have viscosity (a characteristic of the fluids determined by their opposition 
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to tangential deformations) and must therefore be considered viscoelastic materials. The 
presence of viscosity in a material generates a delay in its deformation when a sudden 
stress is applied [7]. It is well known that the viscoelastic properties of the wall are linked 
to their constituent elements (elastin, collagen and smooth muscle fibres), and each of 
these elements is associated with a specific stiffness module [6]. Viscoelasticity can be 
evaluated by analysing the loop that describes the relation between arterial pressure (AP) 
and the resulting distension of the arterial diameter (AD). When creating the graph, where 
the abscissae correspond to AD and the ordinates correspond to AP, a hysteresis loop can 
be observed (after a cardiac cycle has elapsed). As a result of ventricular ejection, artery 
dilation describes a trajectory in the graph (systolic phase) which does not repeat during 
the emptying phase (diastolic phase). This means that the expansion and relaxation trajec-
tories are dissimilar [8]. The elimination of the viscous behaviour would result in a strictly 
elastic pressure versus diameter relationship where both trajectories would be coincident 
(Figure 1).

1.3. Arterial stiffness assessment: clinical implications

Arterial wall stiffness can be quantified through non-invasive methodologies with direct 
applicability on human beings. In this sense, indexes accounting for the presence of 
vascular pathologies, related to AS variations, have been developed. The proper imple-
mentation of the analysis methodology as well as its reliability is permanently subjected 
to global consensus because of the high variability observed in in vivo experiments. In 

Figure 1. (A) Time series of arterial pressure (top panel) and diameter (bottom panel) obtained for a segment of an 
aortic conduit. Dashed lines: beginning of systolic phase. Dotted line: beginning of diastolic phase. (B) Hysteresis loop 
formed by the pressure-diameter relationship. Trajectory AB (clockwise direction) represents the cardiac systole while 
trajectory BA (same direction) represents the diastole. As can be observed, both trajectories differ because of the presence 
of viscous phenomena in the wall.

Fractal Analysis of Cardiovascular Signals Empowering the Bioengineering Knowledge
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 general terms, AS variation can be obtained at a systemic, regional or local level. At the 
systemic level, it reflects the joint opposition of the major arteries to the pulsatile effects of 
ventricular ejection [9]. At a regional level, it is often quantified in arterial sites of physi-
ological relevance, such as the aorta (due to the prevalence of the damping function) or 
specific limbs like the arm. At the local level, it provides information related to the level 
of arterial wall distensibility [9]. Consequently, it is essential to properly identify the 
scope and functionality of the indexes used to characterize AS, essentially due to ana-
tomic dependences and excitement conditions, which need to be considered in order to 
determine it.

There are many elasticity studies where measures are limited to the circumferential effect 
and to limited regions of the stress-strain curve, which are considered linear. An example 
is the estimation of the SSC slope, called the deformation modulus or Young’s modulus 
(E), during the interval defined by the diastolic phase, where only elastic behaviours of 
the arterial walls intervene. This magnitude provides information on structural stiffness, 
and its determination requires knowing the values of AP, AD, and parietal thickness (h), 
which are characteristic of the vascular structure under study. However, the evaluation of 
the functional stiffness is based merely on the change of AD of its diastolic value due to a 
relative change of AP. This second magnitude, called Peterson modulus (EP), is of greater 
interest since it provides information on the reserve function of the major arteries [10]. 
It is used assuming a linear relationship between pressure and deformation, so that its 
determination is based on the use of systo-diastolic values corresponding to AP and AD, 
thus providing information at the local level. Pulse pressure (PP) is determined by the dif-
ference between the systolic and diastolic values of AP. It is one of the most useful param-
eters (clinically speaking), representative of AS. This index depends on systolic unloading, 
AS and the reflections generated in the periphery of the arterial tree. It increases with age 
(a result of an increase in systolic pressure), and it is influenced by the amplification factor 
(AF) of the arterial pressure wave (which becomes less pronounced with age). As a result 
of the above, special attention should be paid when using the PP value obtained through 
measurements on the brachial artery as a substitute of central PP (aortic and carotid). In 
this regard, the Framingham study has shown the applicability of PP in the prediction of 
cardiovascular events in people over 50 years old, rather than individual values of SBP 
or DBP [11, 12]. It was also mentioned that the SSC is clearly non-linear. An interesting 
aspect is that it can be adjusted to an exponential curve (through the AP vs. AD relation). 
As a consequence, the stiffness index can be defined [13]. Likewise, the pressure waves 
are subjected to amplitude changes along their path as a result of blood viscosity, the 
distribution of arterial branches and the variations of distensibilities throughout the cir-
culatory system. Modifications in the arterial wall, such as the rupture of the elastic sheet, 
collagen deposits and calcium deposits, have a direct effect on AS [6]. As a consequence, 
arterial pulse wave velocity (PWV) is considered the most simple, robust, non-invasive 
and reproducible method to evaluate AS. The methodology to obtain it consists in mea-
suring the phase difference (temporal displacement) of the AP wave when evaluated in 
two remote sites of the vascular network (often superficial arteries), whose distance is 
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known with precision. An example is the circulation line between the carotid artery, which 
is anatomically located in the neck, and the femoral artery, located in the upper thigh. 
Finally, changes in wall stiffness can be also estimated assuming that the arterial wall is 
an isotropic homogeneous elastic material, so that the linear elastic theory is able to be 
applied considering the first derivative of AP with respect to the strain, giving rise to the 
‘pressure-strain elastic modulus’ (EPS) [8].

1.4. Arterial pressure waveform: morphologic evaluation

In general terms, AP is often defined as an oscillating magnitude that propagates from the 
cardiac muscle to the peripheral arteries. Like a mechanical wave (such the acoustic wave), it 
can be reflected and amplified [14]. As such, it has amplitude and frequency and can be anal-
ysed both in the temporal domain as well as in terms of its frequency content. It was assumed 
that variations in AS (dependent upon the anatomic disposition of the vascular conduit), the 
structural changes shown by the branching process and the eventual presence of obstruc-
tions, generate reflections of the mechanical magnitudes that propagate through the arterial 
network. Consequently, the AP wave increases in amplitude (scaling phenomenon, called 
amplification factor, AF) together with a level of non-linear deformation because its frequency 
components are not affected with the same intensity [14].

1.4.1. Augmentation index (AIX): assessment of wave reflection

The augmentation index quantifies the difference between the first and second systolic peaks 
(referring to PP) providing an indirect measure of the arrival time of the waves reflected from 
the arterial tree periphery. It is associated with the arterial mechanical properties through 
PWV because an increase in the latter (produced by a variation in AS) induces an early return 
of such peripheral reflections. At the aortic level, the reflected AP wave combines with the 
incident magnitude during systole, an interval in which the left ventricle is still ejecting blood. 
As a result, an increase in PP is observed called augmentation pressure (AuP), and thus extra 
work must be performed by the left ventricle to overcome such conditions [5]. In relation to 
the above, AIX can be determined as AuP divided by PP × 100 to give a percentage [15]. In 
clinical terms, AIX increases with age and in the presence of HBP, DM and hypercholester-
olemia, among other pathologies. It can further be associated with the presence of ED, as a 
consequence of its close link with AS.

The evaluation of early descriptors or markers of pathologies on time domain signals is based 
on the analysis of representative parameters of the AP wave because its morphology is deter-
mined by the ventricular ejection pattern and the elasticity of the arterial tree [14]. Systolic, 
diastolic and mean pressures, the time occurrence of the dicrotic notch, PP and AIX provide 
relevant information on the waveform and suffer alterations with age and the onset of vascu-
lar pathologies (Figure 2). Likewise, signal morphology associated with vascular mechanics 
shows a marked irregularity. Unlike sinusoidal waveforms, they cannot be represented ana-
lytically through a deterministic function [16].
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2. Fractal analysis

2.1. The concept of ‘dimension’

Before defining the concept of fractality, it is indispensable to introduce the concept of dimen-
sion. Formally speaking, it can be defined as the quantification of space occupied by a set 
near each of its points [17]. Furthermore, the traditional Euclidian approach argues that a 
curve is a uni-dimensional object, a surface is a two-dimensional object, and a volume is a 
tri-dimensional object. In such a statement, the dimension can be quantified in topological 
terms (TD), using whole numbers. Therefore, the object can be assumed to be embedded in a 
line (TD = 1), in a plane (TD = 2) or in the space (TD = 3). More precisely, the intuitive notion 
of dimension associates the space that the object occupies (VO) with a linear unit of measure (e), 
using a power law, so that [18]

   V  O   ≈  e   D   (1)

where VO can be considered a distance, a surface or a volume. It can be inferred then that the 
area of a plane grows quadratically in relation to e and thus D = TD = 2. A similar situation 
is observed in curves and volumes, where the dimension acquires values corresponding to 1 
and 3, respectively. This is the reason why the objects generated by means of Euclidian geom-
etry acquire whole dimensional values. However, it is perfectly possible to conceive struc-
tures whose dimension differs from the established values so that they occupy greater or less 

Figure 2. Analysis of a pulse wave for an arterial pressure signal. Diastolic blood pressure (DBP), systolic blood pressure 
(SBP), pulse pressure (PP), dicrotic notch (DN), augmentation pressure (AP).
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space than a traditional object [17]. The Euclidean geometric shapes go from one dimension to 
the other without generating detail in relation to its borders. However, there are natural and 
geometric processes which, through explicit rules, can generate structures that resemble each 
other when analysed at different scales of magnification. The development of ‘self-similar 
processes’ (among other qualities that will be analysed later) cannot be characterized under 
whole dimensional values, and thus the dimension becomes inevitably fractional. Therefore, 
objects occupying a metric space that fracture the TD value in which they are embedded 
are called fractals. As a result, the introduction of the concept of fractality leads to consider 
continuous dimension variations, unlike the Euclidian approach, which only admits discrete 
values. The fraction obtained describes the existence of a highly detailed structure whose rep-
resentation is wholly ignored by the traditional perspective [19]. In mathematical terms, the 
measure of the dimension is found by means of the conceptualization proposed by Hausdorff 
(Hausdorff dimension, HD). Assuming that a disk is a set of points at a distance r of a centre, 
it can be inferred that for TD of value 1, the disks are segments; for TD of value 2, they are cir-
cles; and for TD of value 3, they are spheres [20]. Such disks having a radius r, whose dimen-
sion coincides with TD, are used to cover the object whose dimension needs to be known so 
that each point of the object is included at least in one of them, minimizing the number of 
elements used.

2.2. Fractality and time series behaviour

In general terms, fractal signals are those that show detail or structure when they are pro-
cessed through all their timescales [21]. Formally, a fractal structure is an irregular geometric 
object that has self-similarity. It is composed of sub-units replicated iteratively so that under 
any scale of observation (considering ideal conditions), a structure similar to the whole set 
can be observed. Geometrically, it is possible to generate a fractal object from an initiating 
element, a morphogenesis rule (called generator) and a scaling interval. The latter determines 
the number of scales during which the above-mentioned rule must be applied. A traditional 
example is the Weierstrass curve [22] (Figure 3), whose iterative construction (defined as an 
infinite sum of cosine functions) gives rise to a fractal, continuous everywhere but differen-
tiable nowhere time series.

Since this type of objects is characterized by a fractional dimension, it is called fractal dimen-
sion (FD). Conceptually, the FD can also be considered an irregularity measure. As the latter 
increases, the dimension increases its value as well, and thus it can be used a roughness or 
variation measure [23]. Natural structures are typically fractal. Their high irregularity can be 
observed in the contour of rock formations or in the structure of tree leaves. The intense mani-
festation of deformations and holes places such objects in non-integer intermediate dimen-
sions. As a consequence, Euclidean geometry is unable to quantify the space occupied by 
a naturally generated object [17, 24]. Although it may be evident, clouds are not spheres, 
mountains are not cones and lightning bolts are not lines [25]. In physiological terms, fractal 
structures can be observed, for example, in arterial and venous branches, cardiopulmonary 
structures and bile ducts [26]. In the cardiovascular system, in particular, the recognition and 
quantification of this type of manifestations can only be performed through indexes such as 
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FD [27]. In this regard, one of the excluding aspects that differentiate natural from geometric 
fractality is that, in natural fractals, the scale invariance is appreciated only within certain 
limits [28]. In addition, the presence of self-similarity does not convert a geometric object 
into a fractal. Although this is a necessary condition, it needs additional contributions for the 
consolidation of the concept. To such effect, a fractal object is characterized by the following 
conditions [17]: it has self-similarity; it has a fine structure (detail is observed irrespective of 
the scale); it is too irregular to be described by traditional geometry; usually, its Hausdorff 
dimension exceeds its topological dimension; and, in some cases, it can be defined through 
recursive procedures.

A classic example describing a non-fractal structure is the real line. Although it is self-similar 
(composed by reproductions of itself at different scales), the remaining imposed conditions 
cannot be attributed to it [17]. Therefore, finding the characteristics of fractal objects in time 
series does not necessarily mean that they may be considered fractal. However, having those 
characteristics would make them possible candidates for such behaviour and then a deeper 

Figure 3. Self-similar Weierstrass time series, generated by a recursive procedure. Its fractal nature is revealed at 
different timescales.
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analysis would be required. To do this, it is necessary to have tools that can provide quantita-
tive measures, such as FD [29].

Those fractals whose components are exact replicates of the initiator are called exact and pres-
ent a self-similar dimension (SSD), which is exact as well. Alternatively, there are situations in 
which, when there are changes in the scale, similarity is not observed at structural levels but 
rather at statistical levels. A magnified vision of a shoreline may not reproduce the general 
vision with precision, but it shows the same qualitative appearance [18]. As a result, the frac-
tal is considered statistical. Basically, the value acquired by HD is a real number, which char-
acterizes the richness of geometric structures of limited sets. Since it is complex to calculate 
and although the information provided by HD is better than other types of measures, it is not 
used for practical purposes [24]. The approach closest to this concept is the capacity dimen-
sion (CD). The procedure required for its determination is similar to the one used for HD but 
the difference lies in the fact that minimal elements are counted, N(r), required to cover the 
whole set. The operation is performed for diverse r values, so as to obtain the change in N(r) 
as r decreases to 0 [20]. Consequently, DC is expressed as follows:

   C  D   =  lim  r→0     
log N(r )

 ______ 
log  (    1 _ r   )   

    (2)

When disks do not overlap, and boxes are implemented in the form of grids, the procedure 
gives rise to the box counting dimension (BCD). In addition, and considering that natural 
fractals show self-similarity only in a limited number of scales, the SSD estimation is usually 
made using DC (and its simplest implementation, BCD), particularly in the presence of real, 
inaccurate and statistical fractal structures [30]. The methodologies proposed by [31–33] can 
be used to estimate BCD, among others in the existing literature. According to several authors 
[34–37], the Higuchi’s method [32] can be highlighted as one of the most applied, owing to its 
well performance in FD estimation under different types of fractal time series. For this reason, 
any reference to the FD value in this chapter will be assumed to be the quantification of BCD. 
Finally, and unlike auto-similarity, the concept of self-affinity is applied to objects for which 
scaling is anisotropic. For these objects, the proportions between scales differ according to the 
direction of scaling. This situation is representative of the physiological time series, where 
amplitude has different units from those of time [30]. Therefore, it is more appropriate to use 
the auto-affinity concept (as will be done hereinafter) in relation to the morphological analysis 
of time variables related to cardiovascular mechanics.

3. Applications of fractal analysis to arterial pressure

Studies on the existence of hidden information in physiological time series have gained con-
siderable popularity over the last few years. This has resulted in the application of techniques 
and concepts from statistical physics and chaos theory to biomedical issues [28]. Physiological 
parameters such breathing, heart rate (HR) and even AP itself do not show stationarity, and they 
are governed by non-periodic temporal fluctuations [30]. Thus, they should be characterized as 
non-stationary processes, whose analysis and processing require the application of  mathematical 
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tools that can adapt to such behaviour. In this sense, the analysis provided by fractal geometry is 
among those which best describes the physiological phenomena observed [30].

3.1. Mapping the fractal dimension of the arterial tree

The fundamental goal of the systemic arterial network is to reach certain organs (or specific 
areas) in order to supply them with the correct amount of blood flow [38]. This network 
consists of a series of vascular conduits which recursively bifurcate in a dichotomic fashion 
(a parent branch, two child branches) until they reach the arteriole level. At this last level, 
the process no longer continues in a dichotomic fashion; the number of branches generated 
multiplies considerably [20]. Each bifurcation generated within the network implies the cre-
ation of a new scale or level. In particular, what makes the arterial tree different from other 
vascular structures (such as those observed in pulmonary cavities, the tracheobronchial tract, 
the His-Purkinje system or the kidneys) is the fact that the distribution of its branches and 
sub-branches is considerably uniform [38]. The presence of repetitive patterns at different 
scales can be observed, for example, in the relationship that exists between the length of the 
generating artery and the diameter of the generated one. This relation keeps constant if quan-
tified using a double logarithmic scale, thus indicating the presence of a power law. As stated 
in other works, this mechanism is consistent with a fractal recursive rule [20]. As a result, the 
spatial fractal properties of the arterial tree can be assessed in terms of the FD. Together with 
the structural aspects of the relationship among its ramifications, the dimension has been 
also related to the flow rate value (or its velocity) in relation to the level of diversification 
reached [38]. There is previous evidence that the dimensional value acquired (between 1.2 
and 1.4) results from the metabolic dependence of the tissue to be perfused and not from the 
tree structure itself [39]. The determination of the generation parameters, which defines the 
degree of symmetry of the branching angles and the value of the derived diameters, makes it 
possible to conceive differentiated structures which have either a blood supply function or a 
blood distribution function [38]. The structures mentioned are related to the heterogeneous 
distribution of flow, as established by the perfusion target site [20]. However, as branching 
progresses, instantaneous variations in symmetry rules are still not clear as a whole [38].

3.1.1. A conceptual model based on experimental measures

In [40, 41], continuous AP measurements were obtained in the following sites: left ventri-
cle and descending thoracic aorta (five animals, instrumented with solid-state implantable 
pressure sensors) and carotid and femoral arteries (five male middle-aged subjects, with-
out cardiovascular risks factors, evaluated by applanation tonometry). Due to experimental 
limitations, invasive (in animals) and non-invasive (in humans) measuring methodologies 
were performed. Assessment of FD in AP time series waveforms was developed by applying 
Higuchi’s method where topological dimension was not considered in FD relative changes 
(ΔFD) calculation. Essentially, a significant increase in ΔFD was observed at the thoracic aorta 
(higher complexity) in respect to ventricular pressure FD values (+233.06 ± 75.34%). On the 
other hand, femoral artery AP manifested a decrease in ΔFD (lower complexity) in compari-
son to the carotid site (−56.51 ± 13.62%; Figure 4A).
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From different experimental protocols that were carried out and assuming baseline states, a 
conceptual model of the morphological structure of AP waveform throughout the arterial net-
work can be proposed. The ventricular pressure waveform, whose FD is minimal, is ‘fractal-
ized’ during its path along the descending aorta, in addition to the effect caused by the arterial 
load. In particular, the latter is influenced by the general state of the vascular network, and it 
is affected by pathological states, which basically alter AS values (and thus PWV), in the same 
way as with wave reflection sites. As the mechanic wave propagates through the branches, 
the presence of a stiffness gradient and the vicinity of the periphery make its morphological 
structure less complex. For this reason, the loss of fractality in central pressure (as well as 
other CVR-related parameters) is relevant in terms of prevalence and development of CVDs.

3.2. Fractal dimension and ageing

Ageing is defined as the age-related decline in physiological function where arterial stiff-
ening and hypertension constitute related disorders in the cardiovascular system [42]. 
Age can be considered one of the most powerful determinants of cardiovascular risk, usu-
ally regarded as a chronological, unmodifiable, and even untreatable factor [43]. Arterial 
mechanical properties of the small vessels are known to be altered with advancing age 
(dilating and stiffening), leading to a rise in PP [44, 45]. In this sense, central pulse pressure 
(cPP) has been more closely related to cardiovascular events than peripheral pulse pres-
sure (pPP) where predictable changes occur in the arterial time series waveform whether 
recorded invasively or non-invasively [44, 46]. From the point of view of chaos theory, 
multiscale and non-linear complexity (structure and interactions of individual subsystems) 
appears to degrade with ageing and disease [47]. The structures and functions of the indi-
vidual subsystems are not only affected by the process but also the interactions between 
them [48]. For this reason, the loss of complexity has even been hypothesized to be an indi-
cator of the transition from normal ageing to frailty [49]. In [50], changes in the waveform 
complexity of cPP as a result of the ageing process were evaluated. A significant decrease in 
FD values was obtained in cPP waveform for aged subjects (−55.55%), concomitant to a cPP 

Figure 4. (A) Mapping the fractal dimension of arterial pressure along the arterial tree. (B) Changes of central pressure 
fractal dimension as a consequence of the ageing process.
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increase (+31.87%). As a result, loss of waveform complexity was observed as a consequence 
of the ageing process in cPP (Figure 4B). Arterial structural changes were reflected in FD 
variations, independent of the AP calibration, due to the space filling property and the fine 
structure of the waveform were analysed. However, further studies are necessary in order 
to determine whether changes in waveform complexity can be utilized as a complementary 
factor of vascular ageing.

3.3. Fractal dimension, stiffness and wave reflection

The effect of arterial tree structure on arterial pressure fractal behaviour was assessed on labo-
ratory animals in Refs. [51, 52]. Firstly, FD was applied, as a non-linear measure, in order to 
quantify waveform morphology complexity (or roughness) of aortic AP. Subsequently, aortic 
arterial wall stiffness was evaluated using the first derivative of the pressure-strain relation-
ship, while the effect of wave reflection was estimated from AIX measurements. In order to 
eliminate peripheral wave reflections, a pneumatic cuff occluder made from silicon rubber 
was implanted around the descending thoracic aorta, proximally to the AP and AD trans-
ducers (piezo-resistive and ultrasonic, respectively). Aortic stiffness was studied by means of 
pressure-diameter loops both in basal and occlusion states (activation of the cuff and induc-
tion of total reflection). A biphasic model was adjusted, where the low pressure slope was 
related to the elastin elastic response, while the high pressure slope indicated the recruitment 
of collagen fibres.

As a result, a significant decrease in aortic pressure waveform complexity (pointed out by a 
FD diminution) was observed during the occlusion interval (−71.43%), concomitant to aortic 
stiffening (+155.71%) and an increase of AIX (+56.72%).This condition was also addressed in 
[53], during the evaluation the effect of arterial cross-clamping (a common strategy used in 
vascular surgery) on arterial stiffness, in humans. The Augmentation Index normalized to 
75 beats-per-minute (AIx@75), and FD was calculated from radial arterial pressure tracings 
during surgery. In both aortic and iliofemoral interventions, after arterial clamping, median 
AIx@75 rose and FD dropped significantly; the opposite occurred after arterial unclamping.

4. Discussion

Along this chapter, a holistic evaluation of AP waveform complexity in the arterial network 
was performed, where its FD changes were related to the vascular site. While the ventricular 
pressure time series was observed to be ‘fractalized’ at the aortic level (due to the fact that the 
waveform is more exposed to the multiple wave reflections), AP showed a loss of complexity 
at distant sites from the cardiac muscle, as a consequence of AF. Concomitant changes in arte-
rial stiffness (a rise of the elastic modulus towards periphery) jointly with the effects of wave 
reflection were particularly analysed.

4.1. The unwrinkling effect

The morphological changes observed in AP waveform during its propagation along the arte-
rial tree can be summarized in an increase of amplitude combined with a loss of roughness. 
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This effect was first observed in the invasive experimental protocols implemented in the coro-
nary network. The increase in vascular stiffness, induced by the smooth muscle activation of, 
was concomitant to an increase and loss of roughness in the time series structure [54]. A simi-
lar behaviour was observed in obstructive events of the descending aorta (absence of reflected 
peripheral waves) as well as in the pressure morphological variation analyses performed on 
the carotid and femoral arteries. The latter situation was associated with the effect produced 
by the arterial AF, whose activity has been described according to similar terms. Therefore, the 
scaling phenomenon with loss of complexity observed in mechanical waves in their path from 
the myocardium was conceptualized as a ‘waveform unwrinkling’, as shown in Figure 5A.

4.2. Structural fractality: the distributed model

The conception of the arterial system as a single, close-ended conduit, with constant or vari-
able properties along its length, has generated acceptable results in relation to low-frequency 
perturbations [55]. However, in the case of high frequencies, the discrepancies are evident. 
The justification of this latter situation lies in the fact that although the arterial system is not 
a single conduit, it is made up of a set of tubular branches. In addition, the attenuation effect, 
produced by arterial wall viscosity, on the waves propagating through the network, must also 
be considered. One of the most relevant aspects is the inverse relationship that exists between 
frequency and wavelength since wavelengths corresponding to high frequencies will produce 
significant phase differences between the waves coming from different reflection sites. For 
this reason, the consideration of the stiffness gradient together with the distributed nature 
of the terminal branches significantly affects the overall behaviour of the arterial system [55].

In terms of non-linear processing, such behaviour may be expressed in multiple scales and 
thus evaluated through a fractal measure. The loss of high-frequency components is a typical 
feature of the loss of complexity, and it can be associated with the presence of diseases. In fact, 
this idea is part of the health/disease and FD conceptual framework, adopted in this chapter. 
In this sense, the transmission network models based on fractality have been consistently 
applied in the study of circulation [56]. In [57], arterial network simulations based on fractal 

Figure 5. (A) Unwrinkling effect (stretching) evidenced by amplification and loss of roughness in the waveform. (B) 
Definition of the fractal dimension (FD) as a holistic indicator, which means that it may have variations in parameters 
related to wave pulsatility (pulse pressure, PP), arterial stiffness (AS) and wave reflection (augmentation index, AIX).
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rules were developed, where Taylor’s proposed premises were extended. One of the most 
relevant findings is that regardless of the dichotomic distribution of the branches and of the 
application of a power law to the relationship between their dimensions, the characteristic 
asymmetry of the bifurcations plays a fundamental role. This phenomenon is responsible for 
a marked reduction in the reflection coefficient and therefore affects the spectral oscillations 
in the input impedance.

Dispersion phenomena in physiological measurements are inevitable. The problem lies with 
the methodology used to quantify them, regardless of the size of the domain considered. 
Although a coincidence in the mean values is possible, this is not observed in the relative vari-
ance, since the latter depends on the measurement scale chosen to estimate the parameter. It is 
in these cases that the intervention of the concept of fractality cannot be disregarded [23]. This 
idea was first associated with physiological structures in [25]. In this work, explicit reference 
to the creation of vascular networks from fractal rules was made. As a result, an acceptably 
consistent hypothesis was posed: If the geometry of vascular beds has a fractal structure, isn’t 
it expected that perfusion pressure and flow will be governed by such geometry? [23]. The 
impact of this structure on AP, its association with pathological states related to AS, and the 
presence of peripheral reflections constitute the great quest towards that direction.

The dichotomous branching of the arterial tree reflects its first fractal characteristic though 
in a more basic form. Indeed, the result is an open structure consisting of vascular segments 
and bifurcations, which constitute the universal block of the arterial network [58]. As stated 
above, the asymmetry present in each vascular division affects the magnitudes of the angles, 
lengths and diameters of the generated branches. Symmetrical bifurcations result in a rapidly 
progressing network, with a marked reduction in their diameters. This arterial structure has 
been observed at the coronary level in those vessels that enter the myocardium to reach the 
capillary bed, creating a blood supply pattern [39]. The opposite happens with highly asym-
metric bifurcations. The parent branch maintains its structure since its reduction is minimal in 
each process. Again, in terms of coronary circulation, such structure corresponds to the major 
arteries surrounding the heart and has blood distribution patterns [39]. However, although 
the asymmetry factor is crucial in the formation of the structures mentioned, it shows variabil-
ity in the vascular networks because it does not remain constant from one level to the other. 
Since there is no reason to consider this factor purely random, it may depend on the local 
anatomy or be the result of specific flow requirements [39].

In view of the foregoing, the fractal genesis of the arterial network is unquestionable. For 
this reason, the temporal behaviour of its hemodynamic variables was evaluated, using pro-
cessing methodologies appropriate to such conception. However, although there are stud-
ies addressing the allocation of geometric parameters to each branch [58–60], no allocations 
related to intrinsic arterial wall features have been evaluated. As previously stated, the activ-
ity of the viscoelastic components of the arterial wall strongly determines arterial impedance. 
Therefore, the self-affine phenomenon observed in the AP time series can be modelled from 
the interaction of the reflected propagating components, whose distribution within the mor-
phology is the result of local (or eventually systemic) biomechanical alterations of the arterial 
vascular structure.
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4.3. Pressure waveform morphology: the influence of wave reflection

According to previous paragraphs, it may be inferred that exists an evident trend between the 
arterial network reflected waves and the morphology acquired by AP time series. Therefore, 
under total reflection (only carotid, subclavian and brachiocephalic branches remained with-
out being occluded) aortic blood pressure unwrinkling (pulsatility increase in conjunction 
with a loss of roughness) is the consequence of the absence of the fractal nature, induced by 
the multiple branching of the arterial tree. It is noteworthy that FD analysis was performed 
over short-time intervals, no longer than two heartbeats. This consideration allowed the inso-
lation of the intrinsic mechanical response, preventing the contribution of reflex regulation 
mechanisms (which take place around the fifth heartbeat after occlusion) whose intervention 
might contaminate the waveform structure. Additionally, the heart rate decrease, induced 
during the occlusion manoeuvre, constituted another intriguing result, which deserves fur-
ther investigation. Fractal-based techniques have provided a nature-based approach, in order 
to identify the presence of multi-scale interactions, which are commonly generated by the 
characteristic of the physiological process [17]. In conclusion, arterial pressure fractality can 
be conceived as highly dependent on wave reflection.

In relation to this, a comparison of the structural complexity between a ventricular pressure wave 
and an aortic wave was presented above. Although the aortic wave is constrained in its frequency 
content (as a result of the buffer effect), it shows a marked irregularity in terms of morphology. 
The presence of wave reflections, coming from the multiple vascular branching sites, modifies its 
contour significantly. It was already stated that under pathological states, such as HBP, as repre-
sents a decrease in the system’s global compliance. As a result, the elimination of high-frequency 
fluctuations is less efficient. In addition, the resulting increase in PWV generates an early return 
of the peripheral waves to the heart muscle, thus increasing the pressure in the abdominal aorta 
region [7]. In terms of fractal analysis, the processing of aortic pressure waveforms shows lower 
roughness values compared to normal states. Consequently, it may be inferred that the dispersion 
of reflections in relation to the structure plays a fundamental role. The early return of the reflected 
waves not only increases AP maximum values during its systolic excursion, but it also has an 
impact on the distribution of singularities that are part of heartbeat morphology. Such alterations 
are clearly differentiated by FD variation, which in fact presents the unwrinkling phenomenon.

4.4. Fractal dimension: a holistic index

The detection of a stretching in AP with a loss of complexity (unwrinkling) can be attrib-
uted to both an increase in AS (conductive factor) and to structural alterations typical of the 
arterial tree (obstructive factor). The loss of morphological roughness means that the AF has 
different impacts on pulsatility frequency components, making the waveform less complex 
and taking it to its pure oscillatory levels. This phenomenon may, in some aspects, be asso-
ciated with the concept of oscillatory disease [26]. Consequently, proposing FD as a ‘holis-
tic index’ is appropriate from more than one point of view. The holism concept entails the 
presence of non-linearity, where the whole is not the sum of the parts, thus not complying 
with the superposition principle. In addition, the FD has intrinsic behaviours based on multi-
scale information, which are not specifically related to any particular magnitude or biological 
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 system. Moreover, the calibration of the signal acquired in its determination is not required, 
and therefore, the measurement is independent of specific units. It should be stressed that 
the non-invasive determination of AP systo-diastolic variations (by means of the applanation 
tonometry technique) requires additional sphygmomanometric measurements, where the 
invariance of the mean and diastolic pressures throughout the vascular network are assumed. 
In this sense, the FD estimation may be affected by the values of such pressures.

The evolution of vascular diseases entails progressive changes, whose early stages are difficult 
to detect. Particularly in parietal alterations, they initially appear at a molecular level (e.g. 
excess of low density lipoproteins, nitric oxide deficiency), then at a cellular level (migration 
of smooth muscle cells, elastin fibre ruptures, leukocyte intervention), then at a local structural 
level (plaque formation, remodelling, vascular weakening) and finally at a global structural 
level (generalized disease with systemic consequences). In all these stages, the loss of com-
plexity of the variables involved in the processes should become evident and, probably, a non-
linear measure provided by the FD would be capable of identifying such abnormality. For this 
reason, the possible association between the multi-scale analysis of hemodynamic variables 
in the time domain and similar spatial behaviours, the latter representative of the different 
components present in the vascular structure has been proposed as a topic for future studies.

In conclusion, the various analyses performed indicated the presence of morphological varia-
tions in hemodynamic variables of the vascular mechanics, induced by the presence of patho-
logical states. Such variations were quantified through non-linear processing based on fractal 
geometry. The main finding shows a decreased FD, concomitant to both the changes in AS and 
the absence of wave reflections. As a result, it may be inferred that the information provided 
by the measurement is systemic since it is influenced by both factors simultaneously. The FD 
observational analysis, associated with a potential marker, is significantly consistent in terms 
of health and disease. Through the adoption of this conceptual framework, it was possible to 
use the quantification of fractal complexity to detect underlying pathological states, associ-
ated with descriptive parameters of cardiovascular mechanics (Figure 5B).
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Abstract

In the present chapter, we show that the use of the nondifferentiable mathematical pro-
cedures, developed in the Scale Relativity Theorywith constant arbitrary fractal dimension,
simplifies very much the dynamics analyses in the case of complex systems. By applying
such a procedure to various complex systems dynamics (biological structures, ablation or
discharge plasmas, etc.), we are able to observe that it starts from a steady (oscillating state)
and as the external factor is varied the system undergoes significant changes. The systems
evolve asymptotically through various transition, toward a chaotic regime (like bifurcations
or intermittencies), but never reaching it. Another important reveal from the study of the
system’s dynamics was the presence of various steady states depending on the resolution
scale atwhich the theoretical investigations are performed.

Keywords: complex systems, fractal model, chaos, biological systems

1. Introduction

Complex systems, encountered in human societies, neural networks, the Internet, ecosys-
tems, biological evolution, stock markets, economies, and many others, represent interdisci-
plinary research topics that have been studied by means of some fundamental theories,
especially from physics and computer simulation. These systems are composed of a high
number of individual components and their evolution cannot be predicted simply by ana-
lyzing the individual behavior of their elements or by adding their behavior. Their global
evolution is decisively influenced by the manner in which the elements relate to each other,

© 2017 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.



leading to emergence, self-organization, and adaptability [1–3]. Correspondingly, the theo-
retical models corresponding to the complex systems dynamics become sophisticated [2, 3].

The models can be strongly simplified by taking into account that the complexity of interaction
process imposes various temporal resolution scales, and the pattern evolution imposes differ-
ent degrees of freedom [4]. Thus, new theoretical models can be developed by admitting that
the complex systems that display chaotic behavior are recognized to acquire self-similarity in
association with strong fluctuations at all possible space-time scales [5, 6]. Then, for large
temporal scales compared to the inverse of the highest Lyapunov exponent [7–10], instead of
deterministic trajectories we will work with a collection of potential trajectories and instead of
definite positions with probability density. One interesting example is the case of collisions in
complex system, where the dynamics of the particles can be described by nondifferentiable
curves.

Therefore, in order to build a theoretical model for the evolution of complex systems, the
fundaments of a nondifferentiable physics must be defined. For this, the system complexity is
substituted with the nondifferentiable character of physical quantities, idea that lies at the base
of Scale Relativity Theory (SRT) [11, 12] and of the nonstandard Scale Relativity Theory (NSRT),
a particular case of the first one for a fractal dimension arbitrary constant [13]. In the framework
of the above two theories, assuming that the individual components of the complex systemmove
on continuous, but nondifferentiable curves, named fractal curves, the evolution of complex
systems can be described by physical quantities depending both on the well-known space-time
coordinates and, besides that, on the space-time scales resolution; thus, it can be considered
fractal functions [11, 13]. Moreover, the complex system will act as a “fluid”without interactions
because its individual components are reduced to and identified with their own trajectories,
named geodesics.

Further, we show that the dynamics “control” of various complex systems (biological struc-
tures, ablation, discharge plasmas, etc.) can be realized by means of fractality.

2. Complex systems: mathematical model

Taking into consideration the above, the following consequences emerge regarding the com-
plex systems dynamics [11–13]:

i. any trajectory of the individual components (fractal fluid line) is explicitly dependent on
scale resolution δt;

ii. applying the substitution principle, δt � dt, the scale resolution can be considered as an
independent variable. We reserve the notation dt for the usual time as in the Hamiltonian
complex system dynamics;

iii. the variables that appear in the dynamics of complex system are fractal, i.e., are functions
that depends both on the space-time coordinates and on the scale resolution. Then, in any
point of the fractal curve, two derivatives of the variable field Mðt, dtÞ as explicit func-
tions of the two variables t and dt, can be defined:
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dþMðt, dtÞ
dt

¼ lim
Δt!0þ

Mðtþ Δt,ΔtÞ �Mðt,ΔtÞ
Δt

d�Mðt, dtÞ
dt

¼ lim
Δt!0�

Mðt,ΔtÞ �Mðt� Δt,ΔtÞ
Δt

ð1Þ

The “þ” sign indicates forward processes and the “–“sign to the backwards ones;

iv. the differential of the spatial coordinate field dXiðt, dtÞ is expressed as:

d�Xiðt, dtÞ ¼ d�xiðtÞ þ d�ξiðt, dtÞ ð2Þ

where d�xiðtÞ is the “classical part” (differentiable, scale resolution independent) and
d�ξiðt, dtÞ is the “fractal part” (nondifferentiable, scale resolution dependent);

v. the nondifferentiable part of the spatial coordinate field, by means of which we can
describe the complex system dynamics, satisfies the fractal equation [5]:

d�ξi ¼ λi
�ðdtÞ1=DF ð3Þ

where λi
� are constant coefficients through which the fractalization type describing the

complex system dynamics is specified andDF defines the fractal dimension of the motion
non-differentiable curve.

In our opinion, the complex system processes imply a dynamics on geodesics with
various fractal dimensions. The variety of these fractal dimensions of the complex system
geodesics comes as a result of complex system structure. Precisely, for DF ¼ 2, quantum
type processes are generated in the complex system, forDF < 2 correlative type processes
are induced and forDF > 2 noncorrelative type ones can be found (for details, see [8, 14]);

vi. the differential time reflection invariance of any dynamical variable of the complex
system is recovered by combining the derivatives dþ=dt and d�=dt in the nondiffer-
entiable operator

∂
^

∂t
¼ 1

2
dþ þ d�

dt

� �
� i
2

dþ � d�
dt

� �
ð4Þ

This is a natural result of the complex prolongation procedure applied to complex system
dynamics [13, 15]. Applying now the nondifferentiable operator to the spatial coordinate
field, by means of which we can describe the fractal fluid dynamics, yields the complex
velocity field of the fractal fluid:

V̂i ¼ d̂Xi

dt
¼ Vi

D � Vi
F ð5Þ
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with:

Vi
D ¼ 1

2
dþXi þ d�Xi

dt

� �

Vi
F ¼ 1

2
dþXi � d�Xi

dt

� � ð6Þ

The real part, Vi
D, represents the “classical velocity” (differentiable, i.e., scale resolution

independent), while the imaginary part, Vi
F, is the “fractal velocity” (nondifferentiable,

i.e., scale resolution dependent), induced by fractality;

vii. any external constraint is equivalent with a selection of fractal fluid geodesics, whose
nondifferentiability, together with the two values of the derivative imply a generalized
statistical fluid-like description. Then, the average of d�Xi is:

〈d�Xi〉 ¼ d�xi ð7Þ

with

〈d�ξi〉 ¼ 0 ð8Þ

The previous relation (8) means that the average of the fractal fluctuations is null;

viii. in order to determine the scale covariant derivative, which describes the fractal fluid
dynamics, we will consider that the individual components of the complex fluid move in
a three-dimensional space and that Xi are the spatial coordinates of a point on their
nondifferentiable curves. The second-order Taylor expansion for a variable fieldMðXi, tÞ is:

d�MðXi, tÞ ¼ ∂tMdtþ ∂iM � d�Xi þ 1
2
∂l∂kM � d�Xld�Xk ð9Þ

These relations are valid in any point and more for the points Xi on the nondifferentiable curve
which we have selected in Eq. (9). From here, forward and backward values for fractal fluid
variables from Eq. (9) become:

〈d�M〉 ¼ 〈∂tMdt〉þ 〈∂iM � d�Xi〉þ 1
2
〈∂l∂kM � d�Xld�Xk〉 ð10Þ

Assuming that the differentials d�Xi, dt are independent and the mediated values of all vari-
ables and their derivatives coincide with themselves, relation (10) becomes:

d�M ¼ ∂tMdtþ ∂iM � 〈d�Xi〉þ 1
2
∂l∂kM � 〈d�Xld�Xk〉 ð11Þ

Using Eq. (3), for i 6¼ j we can write:
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〈d�ξld�ξk〉 ¼ �λl
�λ

k
�ðdtÞð2=DFÞ�1dt ð12Þ

where the signs “þ” and “�” have the same significance as in relation (1).

Then, Eq. (11) takes the form:

d�M ¼ ∂tMdtþ ∂iM � 〈d�Xi〉þ 1
2
∂l∂kM � d�xld�xk þ 1

2
∂l∂kM½λl

�λ
k
�ðdtÞð2=DFÞ�1dt� ð13Þ

Using the method from [11–13], which involves dividing by dt and neglecting the terms with
differential factors, we obtain:

d�M
dt

¼ ∂tMþ vi� � ∂iMþ 1
2
λl
�λ

k
�ðdtÞð2=DFÞ�1∂l∂kM ð14Þ

with

vi� ¼ d�xi

dt

These relations also allow us to define the operator:

d�
dt

¼ ∂t þ vi� � ∂i þ 1
2
λl
�λ

k
�ðdtÞð2=DFÞ�1∂l∂k ð15Þ

Considering Eqs. (4), (5), and (15), it results:

d̂M
dt

¼ ∂tMþ V̂i � ∂iMþ 1
4
ðdtÞð2=DFÞ�1Dlk∂l∂kM ð16Þ

where

Dlk ¼ dlk � id
lk

dlk ¼ λl
þλ

k
þ � λl

�λ
k
�, d

lk ¼ λl
þλ

k
þ þ λl

�λ
k
�

ð17Þ

Using Eq. (16), the scale covariant derivative in the fractal fluid dynamics is defined as:

d̂
dt

¼ ∂t þ V̂i � ∂i þ 1
4
ðdtÞð2=DFÞ�1Dlk∂l∂k ð18Þ

3. Fractal fluid geodesics

Based on the scale covariance principle (physics laws are invariant in respect to all scale trans-
formations), we will consider that the transition from classical to nondifferentiable physics is
equivalent with the replacement of standard derivative d=dt with the nondifferentiable opera-

tor d̂=dt. In consequence, it will act as scale covariant derivative, applied for writing the
equations of fractal fluid dynamics in similar forms to those from the classical (differentiable)

Complex Systems with Self‐Elimination of Dissipation with Implication in Bio‐Structural…
http://dx.doi.org/10.5772/67939

27



physics. Thus, the operator (18) applied to the complex velocity (5), with no external con-
straint, implies the geodesics in the following form:

d̂V̂i

dt
¼ ∂tV̂ i þ V̂l � ∂lV̂ i þ 1

4
ðdtÞð2=DFÞ�1Dlk∂l∂kV̂i ¼ 0 ð19Þ

This means that the local acceleration ∂tV̂ i , the convection V̂l � ∂lV̂ i , and the dissipation

Dlk∂l∂kV̂i make their balance in any point of the nondifferentiable curve. Moreover, the pres-

ence of the complex coefficient, 4�1ðdtÞð2=DFÞ�1Dlk, indicates that the fractal fluid has rheological
properties, such as memory, determined by its internal structure.

Considering that the fractalization is induced by Markov-type stochastic processes, with indi-
vidual components displacements of Lévy type [16, 17], then:

λi
þλ

l
þ ¼ λi

�λ
l
� ¼ 2λδil ð20Þ

where δil is the Kronecker’s pseudo-tensor.

In these conditions, Eq. (19) becomes:

d̂V̂ i

dt
¼ ∂tV̂ i þ V̂ l � ∂lV̂ i � iλðdtÞð2=DFÞ�1∂l∂lV̂ i ¼ 0 ð21Þ

Separating the individual components movements on differential and fractal scale resolutions,
Eq. (21) becomes equivalent with the equations set:

d̂Vi
D

dt
¼ ∂tVi

D þ Vl
D � ∂lVi

D � ½Vl
F � λðdtÞð2=DFÞ�1∂l�∂lVi

F ¼ 0

d̂Vi
F

dt
¼ ∂tVi

F þ Vl
D � ∂lVi

F � ½Vl
F � λðdtÞð2=DFÞ�1∂l�∂lVi

D ¼ 0
ð22Þ

4. Geodesics in the Schrödinger-type representation

For irrotational motions, the complex velocity satisfies the condition:

εikl∂kV̂l ¼ 0 ð23Þ

where εikl is the Levi-Civita pseudo-tensor. Then, the complex velocity field becomes:

V̂i ¼ �2iλðdtÞð2=DFÞ�1∂i lnΨ ð24Þ

where for the moment, lnΨ defines the scalar potential of the complex velocity field. Substitut-
ing Eq. (24) in Eq. (22), it results:
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d̂V̂i

dt
¼ �2iλðdtÞð2=DFÞ�1{∂t∂ilnΨ � i½2λðdtÞð2=DFÞ�1ð∂llnΨ∂lÞ∂ilnΨ þ λðdtÞð2=DFÞ�1∂l∂l∂

ilnΨ �} ¼ 0

ð25Þ

or using the identities:

∂l∂l lnΨ þ ∂i lnΨ∂i lnΨ ¼ ∂l∂lΨ
Ψ

∂i
∂l∂lΨ
Ψ

� �
¼ 2ð∂l lnΨ∂lÞ∂i lnΨ þ ∂l∂l∂i lnΨ

ð26Þ

the equation:

d̂V̂i

dt
¼ �2iλðdtÞð2=DFÞ�1∂i ∂t lnΨ � 2iλðdtÞð2=DFÞ�1 ∂

l∂l lnΨ
Ψ

� �
¼ 0 ð27Þ

By integration up to an arbitrary factor, set to zero by a suitable choice of Ψ phase, from
Eq. (27) it results:

λ2ðdtÞð4=DFÞ�2∂l∂lΨ þ iλðdtÞð2=DFÞ�1∂tΨ ¼ 0 ð28Þ

This is an equation of Schrödinger type, describing geodesics in the Schrödinger representa-
tion. It is reduced to the usual Schrödinger equation for motions on Peano-type curves, DF ¼ 2
[12–14], at Compton scale, λ ¼ ħ=2m0, where ħ is the reduced Planck’s constant and m0 the rest
mass of the particle. In the presence of an external constrain, defined by a scalar potential U,
Eq. (28) can be written in the form:

λ2ðdtÞð4=DFÞ�2∂l∂lΨ þ iλðdtÞð2=DFÞ�1∂tΨ �U
2
Ψ ¼ 0 ð29Þ

The relation (29) corresponds to the equation of motion for the “one body problem” in the
Schrödinger-type representation of the nondifferentiable model.

The standard equation of motion for the “one body problem” in the Scale Relativity Theory
[12–14]:

D2∂l∂lΨ þ iD∂tΨ �U
2
Ψ ¼ 0 ð30Þ

results from Eq. (29) for movements of the complex system particles on Peano-type curves, i.e.,
DF ¼ 2 and the correspondence λ � D, where D is the coefficient of the fractal-nonfractal
transition from Scale Relativity Theory [12–14].

From such a view, in order to obtain the equations of motion for the “two-body problem” in
the Schrödinger-type representation of the nondifferentiable model, we will apply a procedure
which involves the next steps:

Complex Systems with Self‐Elimination of Dissipation with Implication in Bio‐Structural…
http://dx.doi.org/10.5772/67939

29



i. the equations of motion for the “two-body problem” arewritten in the complexmomentum
representation:

d̂P̂l
1

dt
¼ ∂l1Φ,

d̂P̂l
2

dt
¼ �∂l2Φ ð31Þ

where

P̂l
1 ¼ m1V̂l

1 , P̂
l
2 ¼ m2V̂l

2 ð32Þ

are the complex momenta, V̂l
1 and V̂l

2 are the complex velocities, m1 and m2 are the rest
masses of the “bodies” and Φ is the scalar potential of the interaction forces.

ii. let’s consider that the motions are irrotational, i.e.,

V̂l
1 ¼ �2iλ1ðdtÞð2=DFÞ�1∂l1lnΨ 1, V̂l

2 ¼ �2iλ2ðdtÞð2=DFÞ�1∂l2lnΨ 2 ð33Þ

where lnΨ 1 and lnΨ 2 are the scalar potentials of the complex velocities associated to the
physical objects.

iii. substituting Eq. (33) in Eq. (31) and following the method described above, the equations of
motions of the “bodies” in the absence of direct contact are obtained in the form:

2m1λ1ðdtÞð2=DFÞ�1∂tΨ 1 ¼ ½�2m1λ2
1ðdtÞð4=DFÞ�2∂1l∂1l þΦ�Ψ 1

2m2λ2ðdtÞð2=DFÞ�1∂tΨ 2 ¼ ½�2m2λ2
2ðdtÞð4=DFÞ�2∂2l∂2l �Φ�Ψ 2

ð34Þ

In the presence of the direct contact, these equations become:

2m1λ1ðdtÞð2=DFÞ�1∂tΨ 1 ¼ ½�2m1λ2
1ðdtÞð4=DFÞ�2∂1l∂1l þΦ�Ψ 1 þ Γ12Ψ 2

2m2λ2ðdtÞð2=DFÞ�1∂tΨ 2 ¼ ½�2m2λ2
2ðdtÞð4=DFÞ�2∂2l∂2l �Φ�Ψ 2 þ Γ21Ψ 1

ð35Þ

where Γ12 and Γ21 are the coupling coefficients of the “bodies.”

SinceΨ 1 andΨ 2 have a direct physical significations only through as jΨ 1j2 and jΨ 2j2 probability
densities, the deterministic trajectories are replaced bya collection of “potential routes.” In its turn,
the concept of “definite position” is replaced by that of probability density.Moreover, the complex
fluid particlesmay be reduced to and identifiedwith their own trajectories (i.e., their geodesics) so
that complex fluid should behave as a special “fluid” free of interactions—a fractal fluid. In such a
conjecture, quantum-type effects (tunneling effect, entanglement effect, etc.) can be extended to the
macroscopic complex fluid.

5. Geodesics in the hydrodynamic-type representation

If Ψ ¼ ffiffiffi
ρ

p eiS, with ffiffiffi
ρ

p the amplitude and S the phase of Ψ , the complex velocity (24) takes the
forms:
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V̂ i
D ¼ 2iλðdtÞð2=DFÞ�1∂iS

V̂i
F ¼ 2iλðdtÞð2=DFÞ�1∂ilnρ

ð36Þ

Substituting Eq. (36) into Eq. (21) in the presence of an external potential and separating the real
and imaginaryparts, up to an arbitrary factor, set to zerobya suitable choice ofΨ phase,weobtain:

∂tVi
D þ ðV̂l

D∂lÞV̂ i
D ¼ �∂lðQþUÞ ð37Þ

∂tρþ ∂iðρV̂l
DÞ ¼ 0 ð38Þ

with Q, the specific nondifferentiable potential:

Q ¼ �2λ2ðdtÞð4=DFÞ�2 ∂
l∂l

ffiffiffi
ρ

p
ffiffiffi
ρ

p ¼ Vl
FVFl

2
þ λðdtÞð2=DFÞ�1∂iVi

F ð39Þ

Eq. (37) represents the specific momentum conservation law, while Eq. (38) represents the
states density conservation law. Eqs. (37)–(39) define the fractal hydrodynamic model and
imply the following:

i. any individual component is in permanent interaction with the surrounding fractal
medium;

ii. the fractal medium can be identified with a nondifferentiable fluid, described by
Eqs. (37)–(39);

iii. even if the fractal velocity V̂i
F does not reflect a real motion, it influence the specific

momentum and energy transfer (confirmed by the its absence from the conservation
law of states density); and

iv. most part of the energy is the form of kinetic and potential energy, other parts in other
forms, but the overall energy is constant; the energy and the specific momentum conser-
vation is the one that ensures reversibility and the presence of eigenstates, but does not
confirm a Levy type motion in an external field.

6. Fractal behaviors

Since, in our model, the fractality plays an essential role in the dynamics of the “complex
fluid,” next we will expand the model, admitting the following equations:

ðVi
F � λðdtÞð2=DFÞ�1∂lÞ∂lVi

F ¼ 0 ð40Þ

∂lVl
F ¼ 0 ð41Þ

The first equation presents the fact that “the fractal force” is null, while the second one presents
the property of incompressibility of the fractal fluid.
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6.1. Fractal laminar flow

To find the solutions for these equations can be a relatively difficult, due to the fact that this
equation system is a nonlinear one [18–20]. However, there is an analytical solution of this
system, in the particular case of a stationary flow in a plane symmetry ðx, yÞ. In these circum-

stances, Eqs. (40) and (41), with Vi
F ¼ Vi, take the form:

Vx
∂Vx

∂x
þ Vy

∂Vx

∂x
¼ λðdtÞð2=DFÞ�1 ∂

2Vx

∂y2
ð42Þ

∂Vx

∂x
þ ∂Vy

∂y
¼ 0 ð43Þ

where Vx ¼ Vxðx, yÞ is the velocity along axis Ox, Vy ¼ Vyðx, yÞ is the velocity along axis Oy.
The boundary conditions of the flow are:

lim
y!0

Vyðx, yÞ ¼ 0, lim
y!0

∂Vx

∂y
¼ 0, lim

y!∞
Vxðx, yÞ ¼ 0 ð44Þ

and the flux momentum per length unit is constant:

Θ ¼ ρ
ðþ∞

�∞

V2
xdy ¼ const: ð45Þ

Using the method from [18–20] for resolving Eqs. (42) and (43), with the limit conditions (44)
and (45), the following solutions result:

Vx ¼
1:5 Θ

6ρ

� �2=3
� �

½λðdtÞð2=DFÞ�1x�1=3
� sec h2

ð0:5yÞ Θ
6ρ

� �1=3
� �

½λðdtÞð2=DFÞ�1x�2=3
ð46Þ

Vy ¼
4:5 Θ

6ρ

� �2=3
� �

½3λðdtÞð2=DFÞ�1x�1=3
�

y Θ
6ρ

� �1=3
� �

½λðdtÞð2=DFÞ�1x�2=3
� sec h2

ð0:5yÞ Θ
6ρ

� �1=3
� �

½λðdtÞð2=DFÞ�1x�2=3
� tanh

ð0:5yÞ Θ
6ρ

� �1=3
� �

½λðdtÞð2=DFÞ�1x�2=3

2
664

3
775

ð47Þ

Relations (46) and (47) suggest that the fractal fluid velocity field is highly nonlinear by means
of soliton and soliton-kink-type solutions. Given the structural complexity of the fluid (given
by its various structural units, that retains their own velocity field), an accurate way of writing
relations (46) and (47) will be the one in which we assign indexes for each component.

For y ¼ 0, we obtain in relation (46) the critical velocity of the flow in the form:
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Vxðx, y ¼ 0Þ ¼ Vc ¼
1:5 Θ

6ρ

� �2=3
� �

½λðdtÞð2=DFÞ�1x�1=3
ð48Þ

while relation (45), taking into account Eq. (48), becomes:

Θ ¼ ρ
ðþ∞

�∞

V2
xðx, yÞdy ¼

ðþdc

�dc

V2
c ðx, 0Þdy ð49Þ

so that the critical cross section of the strain line tube is given by:

dcðx, y ¼ 0Þ ¼ Θ

2ρV2
c
¼ 2:42 ½λðdtÞð2=DFÞ�1x�2=3

h i ρ
Θ

� �1=3 ð50Þ

Relations (46) and (47) can be strongly simplified if we introduce the normalized quantities:

ξ ¼ x
x0

, η ¼ y
y0

, u ¼ Vx

w0
, v ¼ Vy

w0
, Ω ¼

Θ
6ρ

� �2=3

w0½λðdtÞð2=DFÞ�1x0�1=3
, ω ¼

Θ
6ρ

� �1=3
y0

½λðdtÞð2=DFÞ�1x0�2=3
ð51Þ

where x0, y0, w0 are the specific lengths and the specific velocity, respectively, of the laminar
flow of the fractal fluid. It results that

uðξ, ηÞ ¼ 1:5Ω

ξ1=3
sec h2

0:5Ωωη

ξ2=3

� �
ð52Þ

vðξ, ηÞ ¼ 4:52=3

31=3
Ω

ξ1=3
ωη

ξ2=3
sec h2

0:5Ωωη

ξ2=3

� �
� tanh

0:5Ωωη

ξ2=3

� �� �
ð53Þ

We present in Figures 1(a, b)–4(a, b) the dependence of the normalized velocity field u on the
normalized spatial coordinates ξ, η for various nonlinearity degrees (ω ¼ 0:1, 0:2, 0:5, 5).
The results show that the velocity field on the flow direction (ξ) is affected in a weak manner
by the nonlinearity degree (the velocity always decreases on the flow axes regardless of the
nonlinearity degree). On the other hand, the flow direction (η) is strongly affected. The flow
starts from constant values on the η axis, and with the increase of ω, preferential flow direction
can be identified.

Figures 5(a, b)–8(a, b) represent the dependence of the normalized velocity field v on the
normalized spatial coordinates ξ, η for various nonlinearity degrees (ω ¼ 0:1, 0:2, 0:5, 5). For
small nonlinearity degrees, the variations (increase/decrease) of the velocity field have similar
behaviors on both directions (ξ, η), while for higher values of the nonlinearity degree, these
variations are only focused on a single direction (ξ).
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Figure 1. The dependence of the normalized velocity field u on the normalized spatial coordinates ξ, η for the nonlinearity
degree ω ¼ 0:1: 3D representation (a), the contour plot (b).

Figure 2. The dependence of the normalized velocity field u on the normalized spatial coordinates ξ, η for the nonlinearity
degree ω ¼ 0:2: 3D representation (a), the contour plot (b).

Figure 3. The dependence of the normalized velocity field u on the normalized spatial coordinates ξ, η for the nonlinearity
degree ω ¼ 0:5: 3D representation (a), the contour plot (b).
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Figure 4. The dependence of the normalized velocity field u on the normalized spatial coordinates ξ, η for the nonlinearity
degree ω ¼ 5: 3D representation (a), the contour plot (b).

Figure 5. The dependence of the normalized velocity field v on the normalized spatial coordinates ξ, η for the nonlinearity
degree ω ¼ 0:1: 3D representation (a), the contour plot (b).

Figure 6. The dependence of the normalized velocity field v on the normalized spatial coordinates ξ, η for the nonlinearity
degree ω ¼ 0:2: 3D representation (a), the contour plot (b).
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6.2. Dynamics of laser ablation plasma assimilated as a fractal fluid

Due to the complexity of the interactions between the particles inside the plume as well as to
those between the expanding plume and the background gas, it remains difficult to connect
the laser-matter interactions with the plume expansion as well with the interactions between
the plume and the laser beam, and the buffer gas. In the case of short laser wavelength, the
ablation process can be generally divided in several stages [21]. In the first stages, laser-target
interactions, such as laser absorption by the target, target heating, occur. If the laser fluency
surpasses the ablation threshold of the target, the laser beam evaporates and ionizes material,
generating a plasma plume above the material surface. First, the ejected particles undertake
strong collisions in a high-density area near the target creating the Knudsen layer [22]. This
leads to a directional evolution, orthogonal to the target surface. After the pulse ends, no more
particles are ejected from the target surface. An adiabatic expansion of the plasma happens
where the temperatures can be related to the dimensions of the plasma; the thermal energy is

Figure 7. The dependence of the normalized velocity field v on the normalized spatial coordinates ξ, η for the nonlinearity
degree ω ¼ 0:5: 3D representation (a), the contour plot (b).

Figure 8. The dependence of the normalized velocity field v on the normalized spatial coordinates ξ, η for the nonlinearity
degree ω ¼ 5: 3D representation (a), the contour plot (b).
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then converted into kinetic energy, with the plasma reaching very high expansion velocities
[23, 24]. During the initial stages of plasma expansion, defined by high densities, the mean-free
path of the particles is short and the plasma dynamic can be considered as one of a continuum
fluid. As the plasma expands, the thermal energy decreases at a quick rate; however, the drop
diminishes over time since the energy is recovered in the processes of ions recombination.
Once the ambient pressure increases, the plume evolution is determined by the interactions of
the laser plasma and ambient gas [25].

Given the complexity of the elementary processes involved in the particle removal and plasma
expansion presented above, the dynamic of the laser ablation plasmas can be considered a
particular case for the fractal fluid previous presented. An exhaustive model is presented in
[26, 27]. In such a conjecture, the evolution of the plasma plume can be seen as series of
successive dynamics at various resolutions scales, described by a constant particle density.
Figures 9(a, b)–10(a, b) present the flow of a fractal fluid at two simultaneously different
resolution scales. We observed that the field velocity u depends on both expansion direction

Figure 9. The dependence of the normalized velocity field u on the normalized spatial coordinates ξ, η for two simulta-
neously resolution scales: 3D representation (a), the contour plot (b).

Figure 10. The dependence of the normalized velocity field v on the normalized spatial coordinates ξ, η for two simulta-
neously resolution scales: 3D representation (a), the contour plot (b).
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and its values decrease exponentially. In Figure 9(a, b), it is observed a single maximum,
generally attributed to specific plasma structure. The field velocity v presents a similar evolu-
tion on the ξ axis while on the η direction we observe a split, described by two maxima,
attributed to the splitting process often observed for laser-produced plasmas [26, 27].

6.3. Blood flow dynamics through fractal fluid approach

Blood is a physical fluid that carries both substances needed by cells for body functioning and,
also, metabolic waste products from cells. It consists of 45% blood cells (red and white glob-
ules, platelets) and 55% plasma (92% water and various substances in dissipated forms, i.e.,
protein, glucose, ions, minerals, hormones, carbon dioxide, and cholesterol). Among blood
cells, most numerous are red globules containing hemoglobin, a protein with iron in its
structure, which facilitates the transport of oxygen by creating ionic bonds with it. In contrast,
carbon dioxide is mostly transported extracellular as bicarbonate ion transported in plasma.

Blood is kept in continuous motion in the blood vessels by the heart, through its muscle
contraction. Oxygen is transported by the arterial blood to all body cells, from where the waste
product, carbon dioxide, is taken by the venous blood and carried to the lungs to be exhaled.

From a physical-chemical point of view, the blood is a suspension, a mixture of liquids, gases,
and solids (cells).

In terms of anatomy and histology, blood is considered a specialized form of connective tissue,
given its origin in the bones and the presence of potential molecular fibers in the form of
fibrinogen.

Since the circulatory system has a fractal structure, it is expected like its functionality to be also
fractal. This allows us to assimilate the dynamics of the blood flow with the one of the fractal
fluid. In this context, although the velocity fields will remain the same as the one presented in
Figures 1–8, it is of great importance for the understanding of arterial occlusion and other
circulatory system diseases, the force that the fluid will exercise to the walls of the flow vessels.

In our case, the normalized force is given by the relation:

F ¼ ∂ηu� ∂ξυ ¼ �
1:5Ω sec h2

0:5ωη

ξ2=3

 !
tanh

0:5ωη

ξ2=3

 !

ξ
� 1

ξ1=3
0:9Ω

� 2
3

ωη sec h2
0:5ωη

ξ2=3

 !

ξ5=3
þ
0:66ω2η2 sec h2

0:5ωη

ξ2=3

 !
tanh

0:5ωη

ξ2=3

 !

ξ7=3
þ

0:33 1� tanh2 0:5ωη

ξ2=3

 ! !
ωη

" #

ξ5=3

0
BBBBBBBBB@

1
CCCCCCCCCA

3
3
2

0
BBBBBBBBB@

1
CCCCCCCCCA

þ

0:3Ω

ωη sec h2
0:5ωη

ξ2=3

 !

ξ2=3
� tanh

0:5ωη

ξ2=3

 !
0
BBBB@

1
CCCCA
3

3
2

ξ4=3

ð54Þ

In Figures 11(a, b)–14(a, b), it is represented the normalized force field evolution on the two
flow direction (ξ, η) for various nonlinear degrees. It results that with the increase of the

Fractal Analysis - Applications in Health Sciences and Social Sciences38



Figure 11. The dependence of the normalized force field F on the normalized spatial coordinates ξ, η for the nonlinearity
degree ω ¼ 0:1: 3D representation (a), the contour plot (b).

Figure 12. The dependence of the normalized force field F on the normalized spatial coordinates ξ, η for the nonlinearity
degree ω ¼ 0:2: 3D representation (a), the contour plot (b).

Figure 13. The dependence of the normalized force field F on the normalized spatial coordinates ξ, η for the nonlinearity
degree ω ¼ 0:5: 3D representation (a), the contour plot (b).
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nonlinearity of the fluid the force toward the walls increases. This can be a starting point for
understanding the complexity of the mechanisms involved in the arterial occlusion.

The proposed theory has the advantage that it explains from a fractal point of view the athero-
genesis process [28], basically “molding” to the classical anatomical and histopathological
descriptions, completely respecting the process postulated by them. Thus, the fractal physics
model represents a dynamic and novel argument for sustaining already accumulated
morphopathological information and research. The electronic and optical microscopy images
(Figure 15) describe the spatiotemporal hologram of the phenomenon; we can thus talk about
the nonfractal-fractal and microscopic-macroscopic translation through holographically repro-
ducible autosimilarity [28]. We can thus say that fractality represents the mathematical and
semantic quintessence for defining atherogenesis, a process that can be physically characterized
perfectly by fractal physics, physics becoming in this situation more of a component rather than
an explanation for the complex biological system represented by the atheroma plaque [28].

Regarding the recovery of such biological diseases, there are a vast number of techniques. We
remind that external electrical stimulation can cause changes in the blood vessels. Although

Figure 14. The dependence of the normalized force field F on the normalized spatial coordinates ξ, η for the nonlinearity
degree ω ¼ 5: 3D representation (a), the contour plot (b).

Figure 15. Endoluminal view—significant atherosclerotic plaque with thrombus (optical microscopy).
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atherosclerosis cause vasodilatation in the affected area and blood flow remains unchanged for
an extended period of time, the vascular wall stiffness will increase the pulse pressure [29].
Tracy et al. developed, in 1950, a study whose purpose was to measure the effects of electrical
stimulation (ES) on blood flow and blood pressure. All subjects received electrical stimulation
at intensity sufficient to produce torque equal to 15% of the predetermined maximal voluntary
contraction of their right quadriceps femoral muscle. The conclusions were that the increase in
blood flow occurred within 5 min after the onset of ES and dropped to resting levels within 1
min after a 10-min period of ES [30].

Kinesiotherapy or kinesitherapy or kinesiatrics is the therapeutic treatment of disease by
passive and active muscular movements (as by massage and by exercise) [31].

From the physiotherapeutic point of view, the treatment is directed toward improving blood
flow and toward decreasing the disparity between the demand for blood and its supply [32].

An effective vascular rehabilitation training program for improvingwalking efficiency and vascu-
lar remodeling in patients with diabetic atherosclerosis suffering from intermittent claudicating
could be a supervised treadmill walking exercise combinedwithAllen-Burger exercises [33].

7. Complex system with the self-elimination of dissipation

If the fractalization is achieved by Markov-type stochastic processes, the scale covariant deriv-
ative (18) takes the form:

d̂
dt

¼ ∂t þ V̂l � ∂l � iλðdtÞð2=DFÞ�1∂l∂l ð55Þ

Postulating now the scale covariance principle the states density conservation laws become:

d̂ρ
dt

¼ ∂tρþ V̂l � ∂lρ� iλðdtÞð2=DFÞ�1∂l∂lρ ð56Þ

or more, separating the movement on the scale resolution:

∂tρþ Vl∂lρ ¼ 0 ð57Þ

for the differentiable scale resolution and:

�Vl
F∂lρ� λðdtÞð2=DFÞ�1∂l∂lρ ¼ 0 ð58Þ

for the nondifferentiable scale resolution. From such a perspective, the fractal-nonfractal dynamic
transition of the state density can be obtained by summing Eqs. (57) and (58), taking the form:

∂tρþ ðVl
D � Vl

FÞ � ∂lρ� λðdtÞð2=DFÞ�1∂l∂lρ ¼ 0 ð59Þ

From here, by identifying the movements at the two resolution scales Vl
D ¼ Vl

F, the fractal-type
diffusion equations become:

Complex Systems with Self‐Elimination of Dissipation with Implication in Bio‐Structural…
http://dx.doi.org/10.5772/67939

41



∂tρ� λðdtÞð2=DFÞ�1∂l∂lρ ¼ 0 ð60Þ

Let us now use Eq. (60) to analyze the dynamic of an electron beam accelerated in a strong
electric field which impinges onto a neutral medium. As a result of these interactions, ioniza-
tions are produced by: (i) the primary electrons (from the fascicle), which are accelerated by an
external electrical field, �αj, where α is the primary ionization coefficient and j is the fascicle
current density and by (ii) secondary electrons which results from the direct ionization process,
�βjρe, with �β the secondary ionization coefficient and ρe the electron density. In this circum-
stance, we will further focus on the study of the dynamics induced only by the electronic
branch through Eq. (60) written in the following form:

∂tρe þ λðdtÞð2=DFÞ�1∂l∂lρe ¼ �αj� βjρe ð61Þ

Since the previous dynamics implies a dimensional symmetry, Eq. (61) by means of substitu-
tions:

τ ¼ x
ν
� t, M ¼ Λ

βjν2
λðdtÞð2=DFÞ�1, 2R ¼ �Λ

βj
, K ¼ Λ, αjþ βjρe ¼ Λq ð62Þ

becomes a damped oscillator-type equation:

M€q þ 2R _q þ Kq ¼ 0 ð63Þ

Rewritten as:

_p ¼ �2
R
M

p� K
M

q, q ¼ p ð64Þ

Eq. (63) induces a two-dimensional manifold of phase space type ðp, qÞ in which p would
correspond to a momentum-type variable and q to a “position” type. Then, the parameters M,
R, and K can have the following significance:

i. M characterizes the “inertial” type effect through the connection with ionization pro-
cesses (global ionization described by αjþ βj and the local ones described by βj) as well

as in respect with the fractal diffusion (λðdtÞð2=DFÞ�1). All these are done with respect to a
traveling wave-type movement based on the self-similar dynamic solutions (τ ¼ x

ν � t);

ii. R represents the “dissipative” type effects through the connection with the ionization
processes, the same as above;

iii. K represents the structural type efforts in connection with the ionization processes,
consisting, in this case, only from global ionization effects αjþ βj.

The second equation from Eq. (64) corresponds to the momentum definition. Eq. (64) is not a
Hamiltonian system, because the matrix traces are not null, and, as consequence, the associated
matrix is not an involution. The observation becomes more obvious if we write it in matrix form:
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_p
_q

� �
¼ �2

R
M

� K
M

1 0

0
@

1
A � p

q

� �
ð65Þ

With M, R, K constant values, this matrix equation, written in an equivalent form, evidences
the position of the energy, i.e., of the Hamiltonian. From Eq. (64) we can write:

1
2
Mðp _q � q _pÞ ¼ 1

2
ðMp2 þ 2Rpqþ Kq2Þ ð66Þ

which proves that the energy in its quadratic form, i.e., the right-hand side of Eq. (66) is the
variation rate of the physical action represented by the elementary area from the phase space.
We would like to show here that the energy does not have to satisfy the conservation laws in
order to act like a variation rate for the action. Another issue is the form of the conservation
law, if it exists. For this, Eq. (66) will be written as a Riccati-type differential equation:

_w þ w2 þ 2μwþ ω2
0 ¼ 0, w ¼ p

q
, μ ¼ R

M
, ω2

0 ¼
K
M

ð67Þ

The Riccati-type equation (67) represents always a Hamiltonian system that describes a
dynamic of harmonic oscillating type:

_p

_q

 !
¼

� R
M

� K
M

1
R
M

0
BB@

1
CCA � p

q

 !
ð68Þ

This is a general characteristic of the Riccati-type equations and of the Hamiltonian’s dynamic
[34]. The 1-differential form for the elementary area from the phase space, obtained from
Eq. (68), is identical with Eq. (60). Considering that the energy does not conserve anymore,
but another, more complicated, dynamics variable is conserved, Eq. (65), by integration
becomes [35]:

1
2
ðMp2 þ 2Rpqþ Kq2Þ � exp 2Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

MK � R2
p arctan

Mpþ Rq

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MK � R2

p
 !( )

¼ const ð69Þ

The energy conservation, in the classical meaning, occurs if either R is null, either the move-
ment in the phase space takes place on a line though origin, with the slope R=M.

Moreover, by comparison with the case of the thermal radiation, regarding the distribution
function of a preestablished ensemble [36]:

Pðr, wÞ ¼ 1
1þ 2rwþ w2 exp

2r

ð1� r2Þ1=2
arctan

wð1� r2Þ1=2
1� rw

" #
ð70Þ

with r the correlation coefficient and w2 ¼ ε0=u the ratio between the quanta of thermal energy
and the reference energy u, relation (69) becomes:
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Kq2

2
¼ const

1þ 2rwþ w2 exp 2
r

ð1� r2Þ1=2
arctan

wð1� r2Þ1=2
1� rw

" #
, w2 ¼ Mp2

kq2
, r2 ¼ R

k
ð71Þ

From here we can emphasize the statistic character of energy: the potential energy is
constructed as a functional of a specific statistical variable, given by the ratio between the
kinetic energy and the potential one of a local oscillator.

Through the correlation of all the oscillator-type ensembles, a “quantization” procedure can be
established, by using the condition:

Pðr, 1Þ ¼ e�
ε0
kT ¼ 1

2ð1þ rÞ exp 2
r

ð1� r2Þ1=2
arctan

1þ r
1� r

� �1=2
" #

where k is the Boltzmann constant and T the characteristic temperature of the thermal radia-
tion (for details, see [37]). Figure 16(a, b) presents the “quantization” procedure through
correlation of all statistical ensembles associated with “local oscillators.”

It shows explicitly the connection between the “quanta” and the statistical correlation of the
process represented by the thermal radiation. Moreover, it also specifies the expression of the
“quanta” in the small correlation limit, i.e., for r ! 0, as ε0 ! kTln2.

Thus, in such limit, the quanta and, implicitly, the frequency υ (through ε0 ¼ hυ, where h is the
Plank constant) are proportional with the “color” temperature.

Since we are focused on identifying these dissipative forces, we will try and present a physical
significance for the Riccati equation (67) and of the associated Hamiltonian (68). For this, we
observe that Eq. (63) is the expression of a variation principle:

δ
ðt1
t0
Ldt ¼ 0 ð72Þ

Figure 16. The probability function: in (r, w) space (a), and in the contour plot representation (b).
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regarding the Lagrangian:

Lðq, _q, tÞ ¼ 1
2
ðM _q2 � Kq2Þ � e2R

Mt ð73Þ

This represents the Lagrangian form of a harmonic oscillator with explicit time-dependent
parameters. The Lagrangian integral defined on a finite interval ½t0, t1� is the physical action of
an oscillator on that specific time interval, describing the difference between the kinetic energy
and the potential one. In order to obtain Eq. (63), it is necessary to consider the variation of this
action under explicit conditions in such way that the variance of the coordinate at the interval
extremes is null:

δqjt0 ¼ δqjt1 ¼ 0 ð74Þ

In order to obtain a closed trajectory, a supplementary condition must be imposed; for exam-
ple, that the coordinates values at the interval extremes are identical:

qðt0Þ ¼ qðt1Þ ð75Þ

Moreover, if this trajectory is closed in the phase space, the same condition results also for
velocities.

Let us focus nowon themovement principle. The Lagrangian is defined until an additive function
which needs to be derivative in respectwith the time of another function. The procedure is largely
used in theoretical physics by defining the gauge transformation. In our case we define a gauge
transformation in which the Lagrangian is a perfect square. This is known and explored in the
control theory [34]. The procedure consists in adding to the Lagrangian the following term:

1
2
d
dt

we2
R
Mt � q2

� �
ð76Þ

where w is a continuous function in time, so that the Lagrangian is a perfect square. The
function variation is null, only due to the conditions presented in Eq. (75) and, therefore, the
motion equation does not change. The new Lagrangian, written in relevant coordinates, takes
the form:

Lðq, _q, tÞ ¼ 1
2
M � e2R

Mt _q þ w
M

q
� �2

ð77Þ

with the condition that w satisfies the following Riccati-type equation:

_w � 1
M

w2 þ 2
R
M

w� K ¼ 0 ð78Þ

The Lagrangian from Eq. (77) can be considered here as representing the whole system energy.
As before, there is a relationship between the Riccati equation (78) and the Hamiltonian
dynamic. Henceforth, we will find a similar relation to the one presented in Eq. (68):
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_η
_ξ

 !
¼

� R
M

� K
M

1
R
M

0
BB@

1
CCA � η

ξ

 !
, w ¼ η

ξ
ð79Þ

In this case, our system is obviously a Hamiltonian one. Thus, we can identify the w factors
with the phase space coordinates. Eq. (78) specifies the fact that w is a dissipation factor (a mass
variation rate, for the variable mass case). It is important to find the most general solution of
this equation. Carena and Ramos presented a modern approach to integrate a Ricccati equa-
tion [38]. Applied to our case, it is enough to note the complex numbers as:

w0 � Rþ iMΩ, w�
0 � R� iMΩ, Ω2 ¼ K

M
� R

M

� �2

ð80Þ

The roots of the quadratic polynomial from the right-hand part of Eq. (78) are two constant
solution of the equation. Being constant, their derivative is null; thus, the polynomial is also
null. In order to avoid this situation, we first perform the homographic transformation:

z ¼ w� w0

w� w�
0

ð81Þ

In these circumstances, it results that through direct determination, z is a solution of a linear
and homogeneous first-order equation:

_z ¼ 2iΩ � z∴zðtÞ ¼ zð0Þe2iΩ�t ð82Þ

Hence, if we express the initial condition zð0Þ in a right manner, we can obtain the general
solution of Eq. (78) by applying an inverse transformation to Eq. (81). We find:

w ¼ w0 þ re2iΩðt�trÞw�
0

1þ re2iΩðt�trÞ ð83Þ

where r and tr are two real constants which are characterizing the solution. Using Eq. (78) we
can write the same solution in real terms:

z ¼ RþMΩ � 2r sin ½2Ωðt� trÞ�
1þ r2 þ 2r cos ½2Ωðt� trÞ� þ i

1� r2

1þ r2 þ 2r cos ½2Ωðt� trÞ�
� �

ð84Þ

This relation shows frequency modulation through a Stoler transformation [39], which leads to
the complex representation of this parameter.

The theoretical model proposed here analyzes the dynamic of charged particles in a plasma
discharge where there is a strong flux of electrons from one plasma structure to another. Basi-
cally, the electrons dynamics are described using a forced damped oscillating system, with the
aim to investigate the response of the global discharge current to different changes in resolution
scale, oscillation frequency and dapping coefficient. Since our mathematical approach is sensitive
to the changes in the resolution scales, we plotted in Figure 17(a–f) the 3D maps and the
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Figure 17. 3D representation of the discharge current for different resolution scales: 0–1 (a), 0–10 (b), 0–15 (c), 0–20 (d),
0–25 (e), 0–30 (f) with respect to the oscillation frequency and the corresponding contour plot representations.

Figure 18. (a and b) Discharge current temporal traces for various values of the damping coefficient extracted for two
different frequencies scales.
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Figure 19. Discharge current temporal traces for different values of the oscillation frequency at a constant damping
coefficient (r ¼ 0:1).
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corresponding contour plot representations of the discharge current as functions of time and
oscillation frequency, for a fixed value of the damping constant: 0,1. We observe that, for small
resolutions, the current is described by a simple oscillatory regime, and, as the frequency
resolution scale increases, we notice the appearance of some patterns. The patterns become
denser and are foreshadowing the presence of some modulation in the oscillating frequency.

The damping of the oscillatory state describes the losses through dissipative mechanisms. In
order to study the effects induced by these mechanisms on the global current, we pointed two
different oscillation frequencies, and observe the temporal response at different values of the
damping coefficient. The results can be seen in Figure 18(a, b).

We can identify competing oscillatory behaviors, described by two oscillation frequencies with
comparable amplitudes. As the damping increases, the ratio between the two changes oscilla-
tion frequencies, and in the end the system oscillates on a single frequency.

The effect of the forced oscillations, which can be attributed to one of the plasma structures, is
presented inFigure19,where thedischarge current for a fixedvalueof thedamping coefficient and
various values of the forced oscillations is represented. The systems seemingly start from a state
described by perioddoubling, and goes through frequencymodulation as the values increase. The
important aspect is that the oscillation frequencies found for the current are not the ones induced
through forced oscillatory system. This means that the system although forced to get on a specific
state, itwill define its owndynamic influenced,butnotdetermined,by theexternalparameters.

Finally, we investigated the evolution of our system with the increase of the control parameter
ω. We investigate for a large range of values the evolution of the system and we observe
(Figure 20a) that the system starts from double period state (see Figure 19), which arises
periodically as the values of the control parameter increases. Also, the amplitude of such
oscillations increases of about 10 times. In Figure 20(b), the bifurcation map is presented,
where we observe that our system starts from steady state (double period state) and passes
toward a chaotic one (ω ¼ 7, 22, 44), but never reaches it.

Figure 20. The evolution of the double-period state (a) and the characteristic bifurcation map (b) with relation to the
control parameter ω.
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Thus, the evolution of complex system, in our case a plasma, not only intends to reach a
chaotic state, but each transition back to the steady state leads to an increase in the system
energy, which can be seen in the increase of the amplitude.

8. Conclusions

This chapter proposes a new approach for the analysis of dynamics in complex systems based on
fractal models, based on the assumption that the “individual components”motion takes place on
continuous, but nondifferentiable curves. Consequently, the standard and the “exotic” properties
of complex system flow at meso and nano scale can be highlighted.

In this framework, we analyze possible implications of complex fluids in blood flow
dynamics. We can affirm that the fractal physics can explain the initiation phase of arterio-
sclerosis, overcoming the common expression found in classical medicine, “at a certain
moment,” which lacks a precise temporal-spatial definition. Moreover, our model imposes
redefinition of “good” and “bad” cholesterol, traditionally associated with HDL, respec-
tively LDL. Instead, they should be replaced by the following notions: specific cholesterol
entities, associated with a certain nondifferentiable curve, that have a major endothelial
impact, i.e., HDL, and specific cholesterol particles which have no or low endothelial
impact, i.e., LDL.

We consider that our complex system flow model could also be used for the further develop-
ment of the study of other complex systems dynamics, such as pulmonary and metabolic
diseases or environmental systems.

The evolution of a complex system (plasma discharge or biological systems) was discussed
as nonconservative and presented in a simpler way (i.e., through a forced damped oscillating
system). Here, the driving force is used to simulate the response of the immune system,
while the damping covers the energy loses during the evolution of the tumor cells. Once such
a system is chosen, by simply investigating its dynamics, we were able to observe that the
systems start from a steady (oscillating state), and as the external factor is varied, the system
undergoes significant changes. The system evolves asymptotically through various transi-
tion, toward a chaotic regime (like bifurcations or intermittencies), but never reaching it.
Another important reveal from the study of the system’s dynamics, was the presence of
various steady states depending on the resolution scale at which the theoretical investiga-
tions are performed.

Our study not only shows the chaotic evolution tendencies of the complex system, but
also reveals that there is a high probability for the presence of steady states. These states
arise during the system’s evolution toward chaos, and could be related to dormant stages
of the disease and the transitions toward chaos correspond to the uncontrollable growth.
The fact that the system would still reach a healthy (steady) state followed by a chaotic
evolution couple with an increase in energy would connect to some rebound of cancer in
some cases.
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Abstract

In the present chapter, we summarize our results concerning fractal analysis of some
medical data. The aim of this study is to identify the inherent human body “chaotic”
dynamics and insufficient disclosure of the physical essence of the processes observed,
depending on the extent of developing a pathology that is characterized by a decrease or
increase in the degree of complexity and as a consequence—randomness, for which, in
some cases, hidden fractal. The proposed approach based on identifying the presence of
the properties of self-similarity can be useful in preliminary clinical trials for the diag-
nosis of cancerous epithelial diseases, blood, and liver in the initial stage, the analysis of
digital images, the structure of correlations biomedical parameters, as well as in the
study of pathologies of the central nervous system—the neurological, neurodegenera-
tive disorders, psychiatric disorders, and may be the basis for the development of the
interface “brain-computer”, on the basis of electroencephalography and magnetoen-
cephalography. Additional measures are proposed to study the presence of self-similar
properties in the form of self-similarity and magnitude SRGB ratio (area of a triangle in
the coordinate system of the properties).

Keywords: fractal dimension, EEG signals, magnetoencephalography signals, photo-
sensitive epilepsy, malignant tissue, leukemia, brain-computer

1. Introduction

Up to date, much attention is paid to study the problems of modern physics of complex
systems related to identification and to quantitative description of their functioning, especially
from the geometrical point of view. Fractal geometry is widely used for studies of the irreversible
dynamics of natural objects, materials structure, and their properties. A common characteristic of

© 2017 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.



inhomogeneous structures is the spatial or spatiotemporal self-similarity, which means the
invariance of basic geometric features at different scales. The quantitative measure of the self-
similar structure is a fractal dimension, which allows one to study the structure of objects and
the relationship between it and the processes occurring in such systems as the random poly-
mers, colloidal aggregates, coarse and porous surfaces, branching structures of arteries, bone
tissues, etc.

Fractal analysis methods are widely used in medical physics, in particular to find a scale
invariance (scaling) and the self-similarity of digital images and signals. New promising
diagnostic approaches now include not only noninvasive methods but also visual imaging
methods avoiding any potentially damaging procedures.

In the present chapter, we summarize our last results concerning fractal analysis of some
medical data. The aim of these studies is to identify the inherent to human body “chaotic”
dynamics as well as a rather poorly understood physical nature of the observed processes in
the dependence on the degree of developing pathology. Such dependence is characterized by
the decrease or increase of complexity and therefore—the degree of chaos, behind which the
fractality is hidden in some cases.

For the carefully collected sets of data (digital images of the main types of cancer epithelial
diseases; parameters of the biochemical analysis of blood and ESR in acute leukemia compared
with liver disease; magnetoencephalography signals (MEG) with photosensitive epilepsy
(PSE) and a group of healthy subjects; electroencephalographic signals (EEG) form moving
hands (legs), and their imagination in brain), the fractal analysis has been applied. Additional
measures were proposed to study the presence of self-similar properties in the form of self-
similarity and magnitude SRGB ratio (area of a triangle in the coordinate system of the
properties).

It was revealed that the study of the color palette of the epithelium in a focal zone and near of
near-focus area in the presence of self-similarity properties is rather effective for a differential
diagnosis between malignant and benign tissues. It was shown that the fractal dimension of
healthy epithelium was less than the fractal dimension of the damaged epithelium. It appeared
that the SRGB method is more sensitive compared to the definition of fractal dimension and
self-similarity coefficient.

Based on a complex mathematical apparatus (correlation (structural) analysis and fractal geom-
etry), a study of the indicators of biochemical analysis of blood and ESR showed the patterns,
similarities, and differences between the studied groups. It allowed to study the mechanisms,
which determine the dynamics of the processes occurring in the blood at acute leukemia, in
comparison with liver disease. Having these correlations, we could build the correlation pleiads
and find some blocks of mutual dependence of the blood biochemical parameters.

Also, the fractal features of the neuromagnetic brain activity in PSE before and after exposure
to light flickering stimulus of different color combinations (red–blue, red–green, blue, and
green) have been investigated. The effect of self-similarity has been studied, and the areas of
the cerebral cortex with the most significant change in the fractal structure of MEG signals in
the case of PSE have been determined.
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The provided fractal analysis of EEG signals of activity areas of the cerebral cortex for the cases
where the subject is asked to perform movements left or right hand (foot), and then reproduce
them mentally, has demonstrated clearly the sensitivity of this method to the presence in the
EEG signals structure and the properties of spatiotemporal self-similarity. It was shown that
the imaginary hand movements (toe) have the same effect on the activity of brain regions as
real physical exercises. When one repeats a physical hand movement the localization of the
excitation region of the cerebral cortex is observed in the right hemisphere. It was revealed that
a clear decrease of the fractal dimension value during “back” movement of the hand, and it
may indicate the inclusion of a “braking” effect. During the long-term random motion of the
leg (right, left), a steady activity excitation of parietal brain and temporal regions, with a
characteristic increase of the fractal dimension of the EEG signals from the frontal region and
the decrease in the occipital, is observed. It gives some evidence on the localization of activity
excitation of the cerebral cortex during this kind of movement.

It is interesting to increase the informational content of the investigations to be developed
under the cancer influence changes in the epithelial structure. When texture images have the
same color characteristics, almost visually undistinguishable, the fractal analysis can be
exploited to reveal the texture features. We have found the sensitivity of developed method
for the description of inhomogeneous structures of digital images of epithelial surfaces in the
outbreak of the disease and in the perilesional area.

The identification in the statistical relationships of blood biochemical parameters of self-similar
properties in acute leukemia and their absence in liver disease might be useful to explain the
mechanisms of disease development. It would be interesting to continue the work devoted
to the finding the causal relationships of the obtained correlation parameters of the bio-
chemical analysis of blood and ESR, the similarities and differences between the treatment
groups, etc.

The presented results of fractal analysis of spontaneous and induced magnetoelectric activity
of the human cerebral cortex may contribute to solving the problems of diagnosis of neurolog-
ical diseases, such as photosensitive epilepsy.

Currently, one of the most promising approaches is to use interface “brain-computer” (IMC)
on the basis of the EEG and the imagined movements. The study of EEG signals activity areas
of the cerebral cortex when making movements of the left (right) hand (foot) and mental play,
with the identification of self-similarity properties of presence, can be useful in the develop-
ment of modern neurotechnological IMC interfaces.

The presence of self-similar properties indicates that the dynamics of above-mentioned pro-
cesses is characterized by a certain space-time structure at each hierarchical level. This struc-
ture appears in accordance with the general principles and laws of the disease development.

The proposed approach based on the identifying the presence of self-similarity properties can
be useful in preliminary clinical trials for the diagnosis of cancerous epithelial diseases, blood,
and liver on the initial stage, the analysis of digital images, the structure of correlations of
biomedical parameters, as well as in the study of pathologies of the central nervous system—
the neurological, neurodegenerative disorders, psychiatric disorders, and may be the basis for
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the development of the interface “brain-computer,” on the basis of electroencephalography
and magnetoencephalography.

2. Dynamic chaos and fractals

The change during recent decades in the scientific paradigm has changed the scientific world
view. Today the world is seen as a chaotic world with the limited predictability, manifested
itself in such a different phenomena as the gas turbulence and fluid kinetics of chemical
reactions, geophysical and weather changes, physiological responses, epidemics, population
dynamics, social events, etc. The vast area of interdisciplinary research, namely nonlinear
science, is based on the nonlinear thermodynamics, the theory of dynamical chaos, catastrophe
theory, and fractal geometry.

The isolated systems, due to the linear thermodynamic processes tend to evolve to a steady
state of maximum entropy and disorder. Irreversible processes in open systems, are at the
border of sustainability, generate high levels of organization, including dissipative structures.
One can assume that dissipation forces a physical system to thermodynamic equilibrium
steadily. However, the actual process may be much more complex what can be seen from the
gas dynamics. In general, the behavior of rarefied gas is well described by the kinetic
Boltzmann equation. The equations of gas dynamics are an example of the description of
physical systems far from equilibrium, and allow to describe their behavior even at extreme
conditions and in various geometries. For example, the hydrodynamics of superfluid helium in
a highly disordered porous media or nanoporous media with fractal dimension gives an
important information about dynamics of a Bose-Einstein condensate in a disordered potential
with a complex fractal geometry. Taking into account nonadditive thermodynamics methods,
it is possible to develop the models for small particle numbers or strongly correlated sys-
tems [1–3].

The chaotic dynamics is inherent not only to the continuous dynamic systems but to the
discrete ones as well [4]. The state of the system far from equilibrium is evolved by means of
nonlinear processes. The small external fluctuations may cause the unpredictable behavior of
the system as a whole, and even to destroy it, to force the transition into a different state
(catastrophe theory). The model of self-organized criticality [5] predicts that catastrophical
behavior in complex systems can occur not only due to external reasons, but also due to the
fact that small events inside a system can add up together, lead to a chain reaction and
spontaneous evolution to a critical state (cascade of bifurcations, turbulent). Such physical
systems being strongly nonequilibrium exhibit complex dynamic behavior with properties
that cannot be reduced to the properties of the components (parts).

In the phase space of dissipative systems (the set of all possible states of a dynamic system),
there appear the attracting sets with complex structure—strange chaotic attractors—that do
not have a rigid periodic dynamics and possess a dimension different from the topological and
therefore identified with fractals [6]. Systems with strange attractors can simulate a variety of
phenomena—oscillating chemical reactions, population dynamics population, hydrodynamic
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processes, and the processes in the economy [7–12]. Self-similarity of fractal structures allows
to determine the link between short-range and long-range orders and to describe mathemati-
cally the extreme irregular structures and processes. Most natural fractals are multifractals
(heterogeneous fractals), for the full description of which one needs a spectrum of fractal
dimensions (for example, nonuniform distribution of star clusters, aggregation properties of
blood cell elements, and the evolution of an ensemble of dislocations and metal fatigue
fracture). The so-called Mandelbrot sets and Julia sets (Figure 1) despite their complex struc-
ture are formed by simple mathematical rules. Such a kind of set belongs to the group or
algebraic fractals generated by the iterations of algebraic functions [13].

Simple models of self-organizing systems are also cellular automata, which can describe the
phase transition, the wave process, to generate oscillating and fixed local structures, including
fractal ones. Thus, nonlinear dynamics and fractal geometry are closely related and their
relationships are the subject of research in the various fields of knowledge.

3. The method of fractal description

In general, the fractal dimension of a geometry objects can be determined as

D ¼ logN
log 1

R

� � ¼ logNðbÞ
logb

, ð1Þ

where b is the amount of identical parts and N is the number of identical units on a scale R. In
order to cover the structure in the m, dimensional phase space, the number NðbÞ of m,

Figure 1. A classic example of an attractor—a comprehensive set of Julia.
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dimensional cells with side b is calculated, so that the condition of Hausdorff dimension
NðbÞ � b�D, at b ! 0 has to be satisfied [14, 15].

Consider a partially ordered finite set AðN2Þ, where N2, is the number of elements ai, j in the set

ai, j ∈AðN2Þ, were i, j ¼ 1…N. Let us assume that the partial order on the finite set is determined
by the Hasse diagram (Figure 2 I), while the set elements are characterized by some properties
HξðaÞ (dimension, color, volume, shape, etc.), inherent only elements in the given set

∀ai, j
�
ai, j ∈ ajHξðaÞf g

�
. If one considers few properties ξ > 1, then the set is described using a

few fractal dimensions.

We represent the set AðN2Þ in the following form

AðN2Þ ¼ Qð1Þðn2Þ ∪ Qð2Þðn2Þ ∪ … ∪ Qðα2Þðn2Þ, ð2Þ

where QðkÞðn2Þ, disjoint subsets of the set AðN2Þ, α ¼ N=n, α and n are integer. Then, α and n
are the sets ∀α∈ fαγg and ∀n∈ fnγg. For N ¼ 24, we get fαγg ¼ f24, 12, 8, 6, 4, 3, 2, 1g and
fnγg ¼ f1, 2, 3, 4, 6, 8, 12, 24g.

Suppose that there are upper and lower bounds of the set AðN2Þ for all properties HξðaÞ:
Gξ ¼ supAðN2Þ and gξðaÞ ¼ infAðN2Þ, so that Gξ ∈AðN2Þ and gξ ∈AðN2Þ. Then, the scaling of

the set AðN2Þ is possible at all properties. We associate with the upper Gξ and lower gξ bounds

of the set AðN2Þ the numbers Rξ and rξ, respectively. Then, the whole set AðN2Þ may be

covered by a cube with volume Vξ ¼ ðRξ � rξÞ3 in the space of each property. Each element of
the set AðN2Þ will be associated with a region in the space of properties with areas

sξ ¼ ðRξ � rξÞ2=N2. Accordingly, each subset QðkÞðn2Þ can be covered by the cubes vξ ¼ Vξ=α3,

and their number is determined by the size of supQðkÞðn2Þ∈QðkÞðn2Þ in the input scale proper-
ties, the area occupied by a subset of the elements will Sξðn2Þ ¼ sξn2.

We define the fractal dimension Dξ of the set AðN2Þ on the property HξðaÞ by the angular
coefficient of the dependence of logГξðn2Þ on logsξn2, where Гξðn2Þ is the number of

noncontiguous surfaces of cubes, covering the subset QðkÞðn2Þ:

Figure 2. Presentation of experimental data: (I) diagram Hasse and (II) area of triangle in the property frame of refer-
ences.
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Dξ ¼
X
γ

logГξðn2γþ1Þ � logГξðn2γÞ
abs
�
logSξðn2γþ1Þ

�
� abs

�
logSξðn2γÞ

� αγþ1 � αγ

N � 1

� �
: ð3Þ

Self-similarity coefficient �1 ≤Kξ ≤ 1 can be defined as

Kξ ¼
D0

ξ

Dξ
, ð4Þ

where D0
ξ is fractal dimension of self-similar set:

D0
ξ ¼ logГξðN2Þ � logГξð1Þ

absðlogSξðN2Þ � absðlogSξð1ÞÞÞ
: ð5Þ

For example, in the study of the fractal properties of the images the three colors can be selected
as properties HξðaÞ: red (ξ ¼ R), green (ξ ¼ G), and blue (ξ ¼ B). Thus, the description of the
image structure in this case is performed by three fractal dimensions DR, DG, and DB, with
which one can calculate a some value SRGB (area of triangle in the property frame of refer-
ences) (Figure 2 II), which is highly sensitive to the changes in the structure of a color image [16]:

SRGB ¼ 1
2
M½�2ðDR þDBÞ þ ðDB þDGÞ þ ðDG þDRÞ�: ð6Þ

For a nonordered finite set AðNÞ, the description by means of fractal dimensions Dξ on the

property HξðaÞ will lead to k ¼ 1…N! different dimensions DðkÞ
ξ . If the set of properties of each

element of the set AðNÞ is the ordered finite set H ¼ fHξðaÞg, then each element of the set AðNÞ
it can be characterized by the fractal dimension of this set of properties, where k ¼ 1…N.

4. The study of fractal structure of the image of the nail bed and periungual
epithelium

Today the digital processing and image recognition in medical technology are one of the
rapidly developing areas of research. In the process of image formation and image processing,
the following characteristics of the surfaces of the studied objects are introduced—geometric
features, characteristics of color, brightness settings, textural properties, and signs of move-
ment. However, when the image textures have the same color characteristics, it is difficult to
distinguish them visually. Their complex spatial organization can be characterized quantita-
tively using fractal dimension as a measure of the filling of the space (an index of the complex-
ity of the spatial structure of the surface). It is interesting to study the possibility to increase the
diagnostic informational content of the changes in the inhomogeneous structure of the epithe-
lial surface (in the outbreak of the disease and in the perilesional area) under the influence of
cancer at the early stages of manifestation of irreversible diffusion changes.
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As the objects of study, the electronic images of the main types of cancer and diseases of the
epithelium of the nail plate were examined (Figure 3, I). There were treated 50 electronic
images of the main types of skin cancer, the nail bed, and periungual epithelium diseases. For
a comparative analysis, the healthy epithelial tissue image surfaces and nail plates were
included to the control group. In accordance with the color code of each pixel of the working
surface, the weight contribution of the color code was converted into the height of the point.
And the result is that, the three-dimensional (3D) volumetric object with corrugated inhomo-
geneous surface is obtained (Figure 3, II).

It was revealed that, despite on the difference in the apparent change of the inhomogeneous
structure of the surface of the epithelium in the source zone, near and outside this region
(Figure 3a and b), expressed in the form of seals (build-up) and in a different color palette,
the general behavior of the characteristic changes is manifested by the presence of self-similar-
ity and scaling properties, characterized by the value of the fractal dimension of the various
sections of the test surface of the skin: D1 ≈D2, D{ð6¼ D1= 6¼ D2Þ, where D is fractal dimension
of damaged epithelium, D1 is fractal dimension of pathological focus, and D2 is fractal dimen-
sion of near-focus area. It was demonstrated that the fractal dimension of healthy epithelium
was less than the fractal dimension of the damaged epithelium.

Structures of nail bed and periungual epithelium have been considered for the patient data
within eight groups of diseases (Figure 3c and d) and (Figures 4–6): (1) blue nails; (2) periungual
moles; (3) koilonychia; (4) dyschromia; (5) nail dystrophy; (6) onychia; (7) acrolentiginosis
(subungual melanoma); and (8) onychomycosis. In Figure 4, the values of fractal dimension for
the affected and unaffected parts of the nail bed and periungual epithelium for different types of
diseases are presented. One can see the existence of the general laws in the behavior of the fractal
dimension D for groups of diseases: (1, 6, 8) and (2, 4, 5).

Figure 3. Epithelium surface images with pathological focus (a, b), nail bed and periungual epithelium images (c, d) for
basic types of cancer and their 3D images: (a) skin basiloma; (b) skin malignant melanoma; (c) acrolentiginosis
(subungual) melanoma; and (d) periungual moles.
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The self-similarity coefficient�1 ≤K ≤ 1 provides the geometrical evidence for the difference of
tested object surface from the ideal fractal one in terms of color code. It was demonstrated that
self-similarity coefficients in different areas of nail bed and periungual epithelium are different
for eight groups of diseases (Figure 5). Mean values of SRGB for the tested segments (nail bed,
pathological focus, periungual epithelium area) are different for the different diseases in most

Figure 4. Dependence of mean fractal dimension D: (I) for eight groups of patient data: (a) damaged segment of nail bed,
(b) nondamaged segment of nail bed, (c) periungual epithelium area; (II) control group: (a) healthy nail bed and (b)
healthy periungual epithelium area.

Figure 5. Dependence of mean self-similarity coefficient K: (I) eight groups of diseases: (a) damaged segment of nail bed,
(b) nondamaged segment of nail bed, (c) periungual epithelium area; (II) control group: (a) healthy nail bed and (b)
healthy periungual epithelium area.

Figure 6. Dependence of mean value of SRGB: (I) eight groups of diseases: (a) damaged segment of nail bed, (b)
nondamaged segment of nail bed, (c) periungual epithelium area; (II) control group: (a) healthy nail bed and (b) healthy
periungual epithelium area.
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cases; the majority of the mean values are negative and less than corresponding values for the
control group (Figure 6). The mean values of SRGB for the healthy nail bed and periungual
epithelium area are similar [16].

The found presence of self-similar properties of the structure of the epithelial surface in the
outbreak of the disease and in the surrounding areas of the nail bed and periungual epithelium
may indicate the existence of a specific algorithm, acting in accordance with the laws of
development of the disease and performing at every stage of the status change. It allows to
identify, to describe quantitatively, and to diagnose the disease at an early stage.

5. Structural and fractal analysis of the dynamics of pathological
processes in cases of leukemia and liver diseases

According to classical ideas, the healthy systems are exposed to some self-regulation to reduce
the volatility and to maintain the physiological constancy. Studies in this area show a large-
scale nonlinear complexity of human physiological functions, which are simplified or compli-
cated in certain “dynamic diseases,”with impaired coordination and the control of a variety of
other functions of the body. Such diseases include respiratory disorders, sleep and blood
disorders, including the form of leukemia [17, 18]. Today the fractal properties of normal and
malignant hematological cells are found and their potential as a tool to assess the clinical
behavior of hematological diseases is shown [19]. The correlation was found between the
fractal dimension of nuclear chromatin as a prognostic factor and clinical outcomes in patients
with leukemia [20].

Measurement of the fractal dimension seems to be a sensitive method for assessing the hemato-
logical phenotype cells and determine the clinical group. This tool can be potentially useful.
Modern methods of the treatment of acute lymphocytic leukemia can achieve the remission for
70–85% of patients [21]. The forecast for the cure of children is 50%, for adults it is not so
favorable. The positive results of the treatment are the result of assessment of the nature of the
disease with the use of modern methods of diagnostics of acute leukemia and consistently,
methodically correct, and long-term treatment program. The liver plays a major role in
maintaining the functioning of the blood and its diseases are equally disturbing. At present, the
etiology of such diseases, including their mutual correlations, is the subject of the growing
interest [22]. An analysis of biomedical information of the dynamics of change processes under
study often reveals the changes in the strength of relationships between characteristics of groups
of blood biochemical parameters. During the treatment, the strengthening or weakening of the
correlation of certain physiological parameters can be seen. The study of the relationships
between indicators characterizing the course of acute pathological process is the issue for
healthcare professionals in different fields. In particular, the evaluation of correlations of physi-
ological parameters can be used as a criterion for comparing groups of people in the process of
adaptation or development of pathological process [23]. The study of themechanism of the blood
structure changes for leukemia is of a great interest. Here, one can look for availability of the
properties of space-time self-similarity as one of the key factors for the description.
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In this section, we show how the regularities of the blood parameters changes in the treatment
of acute leukemia can be set by the use of the correlation (structural) analysis and methods of
fractal and how the properties of self-similar structure correlations of parameters of the bio-
chemical analysis of blood and ESR can be revealed. As the subject of our research, we have to
choose the average age group of men and women suffering from acute leukemia (30 patients
observed permanently since the aggravation of the disease before the onset of remission and
leaving the hospital). The control group consisted of their peers—30 people with liver disease
(cirrhosis, hepatitis) [24].

The most important method of research, which allows to suggest, in some cases to diagnose
acute leukemia is a common blood test. Biochemical analysis of blood contributes to the identi-
fication of characteristic changes caused by the underlying disease. To identify the mechanism
of dynamics of structural indicators of blood tests for leukemia, hidden in the statistics of
correlations, the data of biochemical analysis of blood and ESR were tested. These experimen-
tal and control groups were grouped by diagnosis procedure (15 tests) from the moment of
admission to the day of discharge, at the same time intervals at delivery of analyzes. The
correlation analysis of the ESR and biochemical analysis of blood parameters in leukemia
indicates a significant adjustment in the relationship of the studied parameters of structural
organization from the moment of aggravation to the state of remission. The dynamics of
increasing structural correlations observed in both groups, but the greatest increase in recov-
ery and correlations was observed in the experimental group with the disease of acute leuke-
mia compared with liver patients. Correlation constellation constructed on the diagnostic data
of patients with hepatic (Figure 7b, III and IV), is “broken” into three blocks, one of which
includes parameters such as “aspartate,” “total protein,” and “ESR.” Inside this “unit,” the
parameters show anticorrelative connection. The second “block” is formed by performance
“alaninaminotransferaza,” “urea,” and “total protein” with strong correlations. The third
block includes “creatinine,” “direct bilirubin,” “alkaline phosphatase,” and “total bilirubin,”
with more or less strong correlations with a significance level of p ¼ 0.05. Here, the parameters
have low correlation interdependencies.

Much more complex structure of the parameters of the correlation observed in the constella-
tion of the experimental group with leukemia (Figure 7a, I and II), although here as well as in
the control group, the “Maclagan test” is excluded from the correlation relationships because it
did not show significant correlations. A small number of significant correlation relationships
are also observed in the parameters “ESR” and “total protein” at the time of an exacerbation of
disease, which is restored by the time of remission and recovery. It is very interesting the
presence of only one direct correlation interdependence in the parameter “alaninamino-
transferaza” (p ¼ 0.05) at the first diagnosis at the time of exacerbation. It detects the correla-
tion with a parameter “alkalinephosphatase,” and this interdependence is connected with
inverse correlation parameters “total bilirubin” and “urea” (p ¼ 0.05). This is important
because accordingly to the statistical comparison of averages the parameter “alaninamino-
transferaza” reveals significant differences with a significance level of p ¼ 0.001.

To detect the presence of the fractal properties of the structure correlations in acute leukemia
and liver diseases, we have transferred the weighted deposits of the spatial correlation
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coefficients ρjk into the height of points. As the result, three-dimensional objects with non-

uniform rugged surface have been obtained. The study of the correlation of distributions of
blood parameters showed the presence of their fractal properties for the case of leukemia, with
an average fractal dimension 2 < D < 3 (Figure 8a, 1)). This may indicate the existence of a
certain space-time mechanism, functioning as a self-similar algorithm, in accordance with the
laws of development of the disease and the onset of remission. For the group of patients with
liver disease, the absence of the fractal properties of the structure correlations between blood
parameters has been found (Figure 8a, 2). Numerical calculations of self-similarity coefficient
K showed the absence of abnormal changes in the structure of correlations of parameters of
blood tests for both groups of diseases: 0 < K < 1. It was revealed that in acute leukemia there
is a characteristic change in the dynamics of self-similarity coefficient, which has an inverse
relationship to the fractal dimension: the increase of fractal dimension is accompanied by a

Figure 7. Correlation graphs for biochemical parameters and general blood tests: (a) leukemia, (b) liver disease: (I and III,
the first diagnosis and II and IV, final diagnosis at discharge; 1, ESR; 2, creatinine; 3, direct bilirubin; 4, alaninamino-
transferaza; 5, alkaline phosphatase; 6, aspartate; 7, the total protein; 8, total bilirubin; 9, urea; and 10, Maclagan test).
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decrease in the rate of self-similarity K, and vice versa, which, however, is not observed in the
study group with liver disease (Figure 8b).

Identification of the statistical relationship of blood biochemical parameters of self-similar
properties in acute leukemia and their absence in liver diseases at different time intervals can
be helpful in explaining the mechanisms of disease development. It is important to continue
the work for finding the causal structure of the obtained correlation parameters of the bio-
chemical analysis of blood and ESR, the similarities and differences between the treatment
groups, with the estimation of the influence of various external factors on the mechanism of
disease development, etc.

6. Self-similar mechanism neuromagnetic dynamics of brain activity

The use of fractal geometry in the study of pathological activity of the human cerebral cortex
has led to the substantial progress in the understanding of the physiological mechanisms of
brain function disorders for various diseases, such as epilepsy. The study of self-similarity
of rhythmic brain activity allows one to set the characteristics of preclinical and clinical stages
of epileptogenesis to detect predictors for sufficiently large time intervals, up to 1 hour [25], as
well as to identify the foci of excitation, leading to different types of epileptic seizures [26].
Besides using fractal analysis, wavelets reveal the markers of the formation of epileptic activity
developing in various types of seizures [27]. It should be noted that in all these works as one of
the forerunners of the attack appears the decrease of multiscale complexity of the background
activity of the brain and the fractal dimension of the EEG (electroencephalogram) [28].

MEG signals represent the interest for the study of brain pathologies. In this section, we will
show how the diagnostic signs of photosensitive epilepsy (PSE) can be found on the basis of
the analysis of the self-similarity effects realized in MEG signals, in which attacks are provoked
by flickering light. It is widely known that the disease received after cases of mass attacks in
Japan during the demonstration of the animated series “Pokemon.” Previously, the individual
characteristics of the subjects’ reactions have been identified based on the method of flicker-
noise spectroscopy on a red-blue and red-green incentive, and set the degree of contribution of
various types of irregularities in normal and pathological dynamics of brain activity signals [29].

Figure 8. Histogram of the dynamics of the fractal dimension (a) and self-similarity coefficient K (b) the structure of
correlations biochemical indices of blood tests and ESR (of N diagnostic test (1), acute leukemia and (2) liver disease).

The Fractal Analysis of the Images and Signals in Medical Diagnostics
http://dx.doi.org/10.5772/intechopen.68167

69



Here, we examined the fractal characteristics neuromagnetic brain activity in photosensitive
epilepsy (PSE) before and after exposure to light flickering stimuli of different color combinations
(red-blue, red-green, blue-green). On the basis of the proposed approach one can investigate the
fractal characteristics at different stages of development of the epileptic process.

6.1. Description of experimental data—registration of activity of human cerebral cortex

In the experiments [30], the registration of cortex neuromagnetic signals caused by the flicker-
ing stimuli was carried out using Neuromag-122 (Neuromag Ltd., Finland) with 61 SQUID
(superconducting quantum interference device) sensors with a sampling frequency of 500 Hz.
MEG signals were recorded in healthy control group (nine patients in the age of 22–27 years
who do not have a hereditary predisposition to epilepsy) and the patient with PSE (teenager,
12 years). The incentives of different color combinations (red-blue, red-green, blue-green) were
generated using the projector on a special screen for 2 seconds at intervals of 3 seconds. The
experiment consisted of 80 episodes. After removing the artifacts, the results of all series were
averaged. During the first 400 ms (200 points), the control signal was recorded when the screen
is not fed flickering stimulus, during the next 1.78 s (201–1095 points) the stimulus is supply-
ing. It have been demonstrated that the most significant pathological response in the patient’s
brain activity is observed with the PSE in case of a red and blue stimulus.

6.2. Fractal analysis of MEG-signals

Calculation of fractal dimension was carried out for MEG signals obtained in the natural state
of patients as well as after a flickering stimulus. MEG signals xðtÞ are dynamic variables
xðtÞ ¼ xiðtÞ at a certain value ið1 ≤ i ≤nÞ. Let fxigi¼1, ::,200 is the time series obtained by the MEG
signal measurements before photostimulation, fxigi¼200, ::,1095 - time series obtained by the
MEG signal measurements during photostimulation, then the time series fxigi¼1, ::,1095 is a
“total” signal before and during application of photostimulation. The fractal dimension D is a
measure of the spatial inhomogeneity of the signal.

The values of fractal dimension D for different combinations of the MEG signal of the patient
with PSE and the average values of D for the control group of healthy subjects are shown in
Figure 9. The primary impact of the stimulus leads to a further strengthening of “regulatory”
brain possibilities.

The supply of red-green and blue-green stimulus does not lead to a significant change in the
fractal dimensionD. At all conditions of the registration the lower level of fractality is observed
for the control group. For the patient with PSE a considerable variation in the value of D is
revealed, and this variation is essential in the absence of a visual stimulus. Supplying of a light
stimulus does not lead to noticeable changes in index D for healthy subjects. The criteria found
allow one to carry out a preliminary diagnosis of photosensitive epilepsy: the intervals of
fractal dimension for healthy group and the patient with PSE do not overlap. If the values of
this parameter are in the range from 1.2 to 1.34, the preliminary diagnosis is negative, from
1.45 and up—positive.
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Topographic map of the fractal dimension make it possible to trace the reaction of different
brain regions to supplying the stimulus for healthy group (the average for the group) and
patients with PSE (Figures 10 and 11), as well as allow to find the areas whose activities are
broken at PSE. Before the switching of stimulus, the biggest differences are observed for the
crown (most clearly), occipital, left temporal lobe of the cerebral cortex. Supplying the visual
stimuli leads to a change in reactive centers—all frontal lobe, occipital (most clearly) and the
left-parietal region are governed by the influence. The supply of red and blue stimulus RB
(201–1095 points) is very interesting, because it leads to the formation of the specific localiza-
tion of excitation zones in the form of a symmetrical “trefoil” in the parietal region for the
representative from healthy group (Figures 10 and 12).

Spontaneous neuromagnetic activity substantially differs for healthy group and patients with
PSE in the parietal, occipital, and left temporal lobes of the cerebral cortex, and the induced one
in frontal, occipital, parietal, left. Supplying of flickering stimulus leads to substantial reaction
of almost all areas of the brain for the representatives of the control group. At the same time for
the patient with PSE only a few localized foci is observed. The occipital, temporal, and frontal
lobe are most involved. It should be noted that the reaction of these areas is shown as an
increase or decrease of fractal dimension D. The data of the patient demonstrate only a few
pockets of susceptible reaction (parietal, occipital lobe, and temporal region), while in most
parts a decrease of fractal dimension of MEG signals is recorded.

The presented diagnostic criteria reflect the effect of a defense mechanism, blocking the abnor-
mal development of the collective activity of groups of neurons in response to dangerous

Figure 9. Fractality index values D of MEG signals (61 SQUID sensor) for the group of healthy subjects (mean values) and
the PSE patients: before and after emission of a light stimulus and the entire signal.
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visual impact. This mechanism appears to change the structure of signals generated by the
almost entire surface of the head, which is reflected in the values of the index of fractality D. In
the case of photosensitive epilepsy the mechanism is broken or its action is inhibited [31].

Topographic map of self-similarity coefficient have a high sensitivity to detection of minimal
deviations in the structure of the chaotic dynamics of the MEG signal from the ideal fractal.
Impact of flickering stimuli on neuromagnetic activity of the cerebral cortex as a whole is
characterized by negative values of self-similarity coefficient for the group of healthy subjects
(mean value) and patients with PSE (Figures 12 and 13). However, the effect of the red-blue RB
incentive for patients with PSE leads to abnormal changes in the chaotic dynamics of reactive
centers on a given stimulus. Thus, the comparison of the coefficients of self-similarity on the
impact stimulus time slots (or the entire period of observation) (Figure 12, RB, a, b) to an initial
state neuroactive cortex (up stimulus exposure) shows the appearance of areas of brain activity
(�1 ≤K ≤ 1). This suggests that the smallest change in the reactive centers is subjected to the
right parietal-occipital and left-field. The impact of all the combinations of stimuli is character-
ized by spatial localization of reactive centers.

The presented histogram of fractal dimensionD for neuromagnetic activity of different lobes of
the brain (Figure 14) after the red-green and blue-green incentives demonstrate that for the
patient with PSE the largest decrease of fractal complexity of the background activity of the
brain of the nonlinear dynamics of MEG signals is observed while for the healthy group

Figure 10. Topographic map of the fractal dimension when applying flickering stimuli (red-blue RB, red and green RG,
blue-green BG) for MEG signals the control healthy group at time intervals: (a) 1–200, (b) 201–1095, and (c) 1–1095.
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the supplying of the given incentives leads to an increase of chaotic dynamics reacting centers.
The opposite reaction of reactive centers is observed when applying red and blue stimulus RB:
for the patient with PSE the majority of lobes exhibits the amplification of reaction centers in
response to the impact of the stimulus, except left-temporal and occipital areas, whereas for the
healthy group, a decrease of the complexity of chaotic dynamics is observed, except the right-
parietal, right-temporal, and occipital regions.

Thus, the analysis of fractal characteristics of neuromagnetic activity of the cerebral cortex for
healthy group and patients with photosensitive epilepsy (PSE) reveals the diagnostic features

Figure 12. Topographic map of self-similarity factor when applying red and blue (RG) flickering stimulus for healthy
group MEG signals at time intervals: (a) 1–200, (b) 201–1095, and (c) 1–1095.

Figure 11. Topographic map of the fractal dimension when applying flickering stimuli (red-blue RB, red and green RG,
blue-green BG) for a patient MEG signals with PSE at time intervals: (a) 1–200, (b) 201–1095, and (c) 1–1095.
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of the disease. High fractal dimension of patient-feedback signals in combination with a
smaller “reactionary” ability of different areas of the cerebral cortex to visual stimuli can be
considered as diagnostic features of PSE. The most significant differences are revealed for the
parietal, occipital, frontal, left parietal, and left temporal regions of the brain. Supplying of
stimulus leads to the reaction of different cortex regions for the representatives of control
group, while for the patient a localized response is observed only. The presented results of
fractal analysis of spontaneous and induced magnetoelectric activity of the human cerebral
cortex may contribute to solving the problems of diagnosis of neurological diseases, such as
photosensitive epilepsy.

Figure 13. Topographical map of coefficients of self-similarity at different time intervals when applying flickering stimuli
(red-blue RB, red and green RG, blue-green BG) for MEG signals from the patient’s PSE: (a) (201–1095)/(1–200), (b)
(1–1095)/(1–200).
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7. Fractal complexity of the chaotic rhythms of EEG signals of real and
imagined movements of the hands (legs)

Currently, much attention is paid to the development and application in the field of modern
neurotechnology “brain-computer” interfaces (BCI), capable for human to communicate with
external electronic and electromechanical devices without the use of peripheral nerves and
muscles, for example, by recording the electrical activity of the brain [32–35]. Developments of
IBC interface based on EEG, magnetoencephalography, functional magnetic resonance imag-
ing, electrocorticography, impulse activity of neurons, distribution and intensity of the blood
flow in the brain and the likes are carried out by research groups around the world [36, 37].
However, none of the models of IMC has not been currently used in the clinics, where it is
necessary to comply with the safety requirements of the patient (noninvasive), to provide the
simplicity of the device, and to have the relative cheap technology. One promising approach in
this case is the use of BCI based on the EEG and the imagined movements [38, 39]. The
different approaches used today to the quantitative analysis of the EEG in BCI applications
do not provide the necessary accuracy of the classification required for the creation of systems
for comfortable use in everyday life. An important problem is the choice of the EEG signal

Figure 14. Histogram of the fractal dimension D before and after the red-blue stimulus (RB), red-green (RG), and the
blue-green (BG) for the patient MEG signals from the PSE and a group of healthy subjects.
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processing techniques to classify the EEG patterns of real and imagined movements of the
hand (leg).

Numerous studies have demonstrated that the alpha rhythm dominating in the spectrum of
EEG (the main component of the background electrical activity of the brain of a healthy person
awake) has a fractal dimension [40, 41]. Also, all systems of a healthy brain, which are the
sources of EEG signals, as well as the activity of individual neurons and neuronal networks
normally exhibit chaotic behavior [42, 43]. Sensorimotor rhythms at rest are characterized by a
high amplitude (beat sync). It is believed that the chaotic trajectory in phase space makes the
neurons to be able to quickly switch between different states to ensure liability of the central
nervous system and its resistance to external influences [44]. Neuroactive cortex inherent
fractal chaotic dynamics of the EEG signal indicates its normal operation, while an excessively
ordered mode indicates the presence of disease [18]. When moving or preparing to perform
motor functions in, there was a decline in their intensity during activation of the corresponding
motor or sensory areas of the cortex, which leads to the rhythm desynchronization [45]. The
main objective of the BCI is the correct recognition of the state of desynchronization and the
synchronization of rhythms.

Imaginary movements can slow or stop muscle atrophy because the mental muscle exercises
affect the neuromuscular pathways what is important for the people with limited mobility.
Visualization technique is also used by professional athletes to improve performance. Such
BCI are needed for the rehabilitation of patients with disorders in the motor area, but can also
be used by healthy people to control auxiliary devices: exoskeletons, prosthetic limbs, muscles
electrical stimulator, etc. [46, 47].

It should be noted that currently a lot of attention to doctors, physiologists, biochemists,
psychologists, and professionals involved in physical activity, is paid to a nonlinear dynamics,
concerning the effects of exercise on changes in the complexity of the neural activity in the
temporal region. Typically, these changes are associated with a decrease of fractal complexity
chaotic rhythms in time and temporal region is involved in the regulation of the compensation
with the monotonous physical stress. It has been suggested that in order to maintain physio-
logical activity must be in contrast to the emphasis on the monotonous repetition of intense
exercise, use positive specific effects that give qualitative and quantitative changes in the
practical exercises [48].

7.1. Registration of the signals of electrical activity of the cerebral cortex

In the chapter,1 the registration of signals of the cerebral cortex was carried out using 19
sensors with a sampling frequency of 500 Hz using Neurofax EEG System which uses a daisy
chain montage. The data were exported with a common reference using Eemagine EEG. The
order of electrodes FP1 FP2 F3 F4 C3 C4 P3 P4 O1 O2 F7 F8 T3 T4 T5 T6 FZ CZ PZ is shown in
Figure 15, IV. EEG signals were recorded from a healthy subject (male, aged 21). During the
removal of EEG test signals, the patient did not control his breathing or swallowing. Signal
recording was performed with eyes closed. The transition from one type of movement to

1Brain Computer Interface research at NUST Pakistan, research carried out at National University of Sciences and
Technology, Pakistan https://sites.google.com/site/projectbci/.
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another occurs by the audio signal—“go.” EEG signals xðtÞ are dynamic variables xðtÞ ¼ xiðtÞ
at a certain value ið1 ≤ i ≤ nÞ. Let fxigi¼1, ::,3008 is the time series obtained by the EEG signal
measurements hand movement left (right) forward (backward), fxigi¼1, ::,7040—time series
obtained by the EEG signal measurements imaginary hand movements (left, right),
fxigi¼1, ::,64300—time series obtained by the EEG signal measurements random movements
both, right (left) hands, then the time series fxigi¼1, ::,10048 obtained by the EEG signal measure-
ments random motion of leg (left, right).

7.2. Fractal analysis of signals EEG

Motor function of various organs creates different distribution activity of brain areas. Of
particular interest is the identification of the activity of brain regions that are directly set with
the motor command and precede its formation. For example, areas that meet the definition of
executive selection, the direction of its operation directed to the target, and then manipulating
the object recognition parameters.

Self-organization as the ability to create a variety of spatial and temporal patterns manifested
in different ways when the motor functions arms (legs). In Figure 15 (Ia, Ib) shows the values

Figure 15. The fractal index D of EEG signals (19 sensors) when the right-handed subjects movements and mental play:
(Ia) left hand back, (Ib) left hand forward, (IIa) right hand back, (IIb) right hand forward, (III) location of EEG sensors.
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of fractal dimension D for EEG signals (horizontal sensor 19) when the three subjects aimed
successive movements of the left (right) hand (back, forward). Implementation of the first
movements of different “triggers” gain “control” brain possibilities in the selection of the
executive arms in action, and directions for its operation. So, for the left hand is executed first
movement “back” shows the highest fractal dimension for the whole crust, except the left and
pravozatylochnoy areas, with a decrease in size by repeated movements, especially in the field
of levovisochnoy. When the movement is “forward” with his left hand, the fractal dimension
reaches the highest values in most areas of the brain during the execution of the second
movement. It should be noted that in the area formed levovisochnoy spatiotemporal pattern,
characterized by the lowest fractal dimension of the neural activity of the brain while driving
with his left hand (back, forward), and the highest when the right hand movements. The
fractal dimension of the neural activity of the cortex for the right hand (Figure 15 IIa and IIb)
reaches its maximum value when performing the third directional movement as the back and
forward in all areas, except the front part. Rerunning the real hand movements should gradu-
ally lead to some of the effects of inhibition of neuroactively most involved areas of the brain,
but this effect was not shown to the right hand, which may be due to the fact that the subject is
right-handed. At the same time, the implementation of imaginary movements of both hands
(back, forward) has a general orientation corresponding activation of motor areas of the cortex,
with a characteristic decrease in the fractal dimension D in the left and right temporal regions
and growth in the frontal, parietal, and occipital regions. Fractal analysis of EEG signals
revealed the presence of the same multiscale effect due to the fact that the imaginary hand
movements activate the same areas of the brain, as well as actually performed movement. For
random arm movements, both right and left formed like spatiotemporal pattern of neural
activity of the brain, with the most significant increase in fractal dimension D for the right
hand (Figure 16b).

Topographic map of the fractal dimension of EEG signals of three successive movements of the
left hand (forward, backward) at different time intervals show different localization of the

Figure 16. The fractal index D of EEG signals (19 sensors) when the right-handed subjects were random movements: (a)
left hand, (b) right hand, (c) both hands, and (d) random movement foot (right, left).
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excitation region neural activity of the cerebral cortex in the parietal and right temporal regions
of the third movement, with the largest decrease in the fractal dimension D of the motion
“backward” (braking effect) (Figure 17c). Figure 18 shows that when the repeated movements
of the right hand moves “forward,” observed the localization of excitation in the parietal
region, whereas in repeated movements “backward” is formed by the reaction of a particular
neural activity of the brain and is redistributed in the direction of the parietal region to the left
and right temporal regions. The observed redistribution of zones of activity of brain areas with
the spatial localization of the excitation region during repeated motoractions, demonstrates a
decrease in the structural complexity of the background activity of brain regions with inherent
fractal properties of space-time scale invariance and the formation of temporal patterns.

Topographic map of the fractal dimension of the EEG signals imaginary left movement (right)
hands show the formation of the same space-time pattern for the forward movement (back),
with the increase of fractal dimension with the largest imaginary movements of the right hand
(Figure 19). As a control group of the learning process at different time stages of the EEG
signals are presented randomly directed, uncontrolled movements of arms (both, left, right)
(Figure 20). Figure 21 presents topographical diagram of self-similarity coefficient K random
arm movements (both, left, right), which can detect the minimum (abnormal), especially in the
self-similar characteristics of the neuronal activity of the brain in the areas of self-organization

Figure 17. Topographical map of the fractal dimension for EEG signals of three successive movements of the left hand on
the slots: (a) 1 � 3008, (b) 3009 � 6016, and (c) 6017 � 9024.

Figure 18. Topographic map of the fractal dimension for EEG signals of three successive movements of the right hand at
the slots: (a) 1 � 3008, (b) 3009 � 6016, and (c) 6017 � 9024.
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in comparison with the ideal (ordered) fractal. At different time intervals ratio of self-similarity
coefficients revealed the formation of specific areas of brain activity fluctuations at different
time intervals, wearing messy anomalous. Such processes do not always correspond to the
criterion of the nonlinear chaos in which the effects of some “noise” is accompanied by an
increase of order, followed by the effect of “inhibition” in long-term performance of similar
movements.

The observed redistribution of zones of activity of brain areas with the spatial localization of
the excitation region during repeated motor activity, demonstrates the reduction in the struc-
tural complexity of the background activity of brain regions with inherent fractal properties of
space-time scale invariance. Thus, long-term randommotion of leg (right, left) there is a steady
activity excitation parietal and temporal regions of the brain (Figure 21), with a characteristic
increase in the fractal dimension of the largest in the frontal region and the decrease in the
occipital, which may indicate a localization of activity excitation of the cortex with this type of
movement.

Chaotic dynamics inherent in neurons provides a quick transition between different states,
including the brain resilience. Thus, long-term random motion of leg (right, left) there is a
steady activity excitation in the left and right parietal and temporal regions of the brain
(Figure 22), with a characteristic change in the fractal dimension of the largest in the frontal

Figure 19. Topographic map of the fractal dimension of the EEG signals imaginary movement in the time interval (1 �
7040 points): (a) left hand forward; (b) left hand backward; (c) right hand forward, and (d) right hand backward.

Figure 20. Topographic map of the fractal dimension D (a), and their relationship to the signals of EEG random
movements of both (I), right (II) and left (III) hands: (a) (1� 3008), (b) (3009 � 6016)/(1� 3008), (c) (6017 � 9024)/(1� 3008),
and (d) (61293� 64300)/(1 � 3008).
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region and the decrease in the occipital, which may indicate the formation of a special spatio-
temporal pattern of activity in the process of localization of the excitation of the cerebral cortex
when driving leg (right, left).

This study is of particular interest, since it demonstrates the sensitivity of fractal geometry to
an increase in neural activity in the initial stage of training, and then return to their previous
level. This is due to the fact that occurs early in the search for new activity pattern and its
location after sensorimotor rhythm activity decreases.

These results from the space-time dimensionD fractal patterns allow a provisional diagnosis of
functional activity of the musculoskeletal system and the neural activity of brain regions.

8. Conclusion

Many complex structures of living systems exhibit the property of self-similarity. Of particular
interest is the question of nonlinearity of physiological functions and anatomical structures of the
human. In accordance with the classical concepts of physiological monitoring, healthy self-
regulation systems are susceptible to reduce volatility and maintain physiological constancy.
However, a variety of events, such as, for example, a normal human heart, characterized by
rather complex vibrations even at rest, with a chaotic pattern, bearing the signs of self-similarity.

Figure 22. Topographic map of the fractal dimension of EEG signals consistent leg movements (1�10048): (a) left, (b)
right, and (c) ratio of Dright:=Dleft .

Figure 21. Topographic map of self-similarity coefficient K (a) and their relationship to the different time intervals for the
EEG signals random movements both (I), right (II) and left (III) hand: (a) (1 � 3008), (b) (3009 � 6016)/(1 � 3008), (c) (6017
� 9024)/(1 � 3008), (d) (61293 � 64300)/(1 � 3008).
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Peculiar to these systems multifractal cascades in a wide range of time scales, suggest that the
nonlinear regulatory systems are far from equilibrium, and that the continued persistence is not
the purpose of physiological self-control. In contrast to systems with pathologies, characterized
by fractal organization, with decreasing complexity and increasing frequency.

This chapter presents a study showing a large-scale nonlinear complexity of human physiolog-
ical functions, which are simplified or complicated in certain diseases, the identification of the
presence in their structure of the chaotic fractal properties. Our studies have shown that the
effect of the disease state leads to a decrease of functional complexity of various processes
occurring with the development of the observed frequency, only on a certain dominant time
interval. The complexity of the processes, characterized by a detectable our inherent multifractal
property may decrease under the influence of various factors such as the disease state of various
complexity, immune deficiency, age, resulting in the development of the dynamics of adaptation
to a different volume. These results show us that the human body to adapt the regulatory
system, bearing linear, operates in conditions far from equilibrium. Chaotic processes in
dynamic adaptation processes, whether they are a consequence of disease or training (combina-
tion of light flickering stimuli IMC), allow the body to include the self-organization of the
system, adequately responding to the rapidly flowing and unpredictable changing circum-
stances [49]. Disease state, as well as the age factor, leads to a decrease of the fractal dimension,
which characterizes the degree of randomness of the processes. However, as shown by our
study, the presence of disease does not always lead to a decrease of fractal dimension and the
growth of the periodicity (regularity). These results demonstrate the behavior of self-similarity
coefficient formation at different time intervals characteristic of abnormal deviations in a self-
organizing structure of the body, compared with an ordered (ideal) fractal. Such processes
confirm that occurring for a long time processes do not always correspond to the criterion of
the nonlinear chaos in which the effects of some “noise” is accompanied by an increase of order.

The fractal dimension characterizes the spatial and temporal invariance of time intervals in
healthy individuals, which disappears in severe pathological diseases, causing disorders of
motor functions, coordination and control of the executive body, as demonstrated by us in
studies of “dynamic conditions” as leukemia and liver disease, as well as in the study-MEG
signals the effects of different combinations of light flickering stimuli and EEG signals, when
the motor functions in the learning process. The presence of self-similar properties indicates
that the dynamics of the process, the result of which they are characterized by a certain space-
time mechanism, acting in accordance with the general principles and laws of development of
the disease, and functioning at each hierarchical level.

The use of computer technology and diagnostic equipment in the diagnosis considerably
facilitates work of the doctor-diagnostician, reducing the influence of the human factor. In
most cases, information is provided for diagnosis of the form of two-dimensional signals in a
halftone image (tomogram, ultrasonic images, X-rays, etc.). When processing of digital images
for diagnosis, to date, the great difficulty is the selection of small objects arranged randomly
and having vague outlines. Our studies on the identification of sensitive fractal analysis to
changes in the surface structure, and epithelial density in cancer, aimed at identifying the
presence of atypical areas in the images and is an urgent task for the detection of pathological
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changes in the early stages of the disease, characterized by changing the fractal characteristics
(fractal dimension, SRBG method, the self-similarity ratio).

In the development of applications of nonlinear dynamics in human physiology and disease
noninvasive diagnostic techniques, based on the application of fractal geometry, new
approaches study demonstrating the need for and benefits of fractal analysis in medical
diagnostics. It is expected that the results can be the basis of new methods of medical diagnosis
and treatment of diseases of the human physiological functions. The proposed approaches
based on identifying the presence of the properties of self-similarity may be useful to conduct
preliminary clinical trials for the diagnosis of cancerous epithelial diseases, blood, and liver in
the initial stages, the analysis of digital images, the structure of correlations of biomedical
parameters, and EEG signals and magnetoencephalography in the study of pathologies the
central nervous system—neurological, neurodegenerative disorders, psychiatric disorders,
and may be the basis for the development of the interface “brain-computer.” Our results can
be used in the treatment of various pathological conditions.
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Abstract

The term fractal was coined in 1975 by Benoit Mandelbrot. Since then, fractal structures
have been widely used by the international scientific community. Its range of applications
includes multiple areas, such as optics, physics, cryptography, medicine, economics, and
so on. The application of fractal structures to modulate light beams in the field of optics
has been extensively studied, and it has been shown that in some cases these new fractal
lenses improve the response of traditional lenses. Fractal lenses are able to provide
beamforming capabilities, and allow the optimization of the optical beam according to
the specific requirements. In some applications, it may be necessary to improve the focus
in a certain area, while in others it may be critical to obtain a sharp attenuation bymeans of
destructive interference. It may even be required a beam profile with multiple focus and a
certain control over them. This work investigates the application of fractal structures based
on Polyadic Cantor sets as ultrasonic lenses, analyzing how the relation between the
different design parameters and the performance of the lens. It is shown that the working
frequency becomes a precise control mechanism that can modify dynamically the focus
position of the lens.

Keywords: fractal, polyadic Cantor sets, ultrasonic lenses, sound beam modulation,
sound focusing
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1. Introduction

Every structure with symmetry properties of scale invariance, even for a short range, is likely
to possess fractal properties. These structures are characterized by a noninteger fractal dimen-
sion that can be sighted as a measure of their irregularity. It can be said that the whole structure
resembles its internal parts [1], and it has been found that several natural phenomena follow
these patterns, such as snowflakes or some tree leaves. Fractal structures have attracted great
interest from the scientific community, having been applied in several areas of science and
technology, such as optic engineering, medicine, or economy [2]. Furthermore, research into
the properties of heterogeneous artificial materials has been very active throughout the last
two decades.

Wave application of fractal structures in the optical field has received a lot of attention, and it
has been shown that the use of fractal diffractive lenses improve focalization over traditional
lenses. These new fractal lenses have an interesting property, that is, they can produce multiple
focal points along the optical axis due to the fact of fractal self-similarity [3].

Among other wave applications of fractal structures, different studies related to the acoustic
field have been performed. Petri et al. [4] analyzed the vibration properties of a hierarchic
system consisting on a Cantor sequence of piezoelectric and resin elements. Sapoval et al. [5]
numerically investigated the acoustic properties of irregular cavities described as fractals. They
proved that the geometric irregularity improved the modal density at low frequencies, localiz-
ing many of the modes at the edge of the cavity and modifying its attenuation properties.
Lubniewski and Stepnowski [6] developed a simple method to identify the seabed using
elements of fractal analysis. Castiñeira-Ibáñez et al. [7, 8] presented an acoustic barrier to
control the noise formed by rigid cylinders in the fractal geometry of a Sierpinski triangle.
These structures are capable of producing sharp attenuation by means of destructive interfer-
ence, as well as focalization through constructive interference. Gomez-Lozano et al. [9] studied
the transmission response in perforated plates with subwavelength holes. The transmission
spectrums showed that every iteration with the Sierpinski carpet has the characteristic peaks
and dips associated with the lattice constant of each matrix pattern. In other branches of
acoustics, other devices based on diffraction such as root primary gratings (RPGs) offer the
possibility of modulating acoustic beams.

Since the wave theory of different areas of physics have great similarity, many concepts used in
these areas related to guiding the waves using fractal structures have been translated to the
acoustic area and a new approach for the construction of ultrasonic lenses based on fractal
structures is proposed. These lenses are able to modulate the ultrasonic beam in a different
way compared to conventional lenses, where its ability to focus and guide waves comes from
the fact that they are built with refractive materials with curved surfaces. Among different
fractal structures, we have focused our attention on polyadic Cantor sets (PCSs). This type of
fractals is very easy to construct, being that the main reason why most man-made fractal
creations are based on Cantor fractals [10–17]. Nevertheless, focalization in the ultrasonic
range requires further attention. Therefore, the aim of this chapter is to present the generation
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and characterization of fractal structures based on PCS and analyze their application as
ultrasonic lenses.

2. Fractals

2.1. Fractal geometry

As it has been mentioned in Section 1, several phenomena in nature such as tree leaves, clouds,
mountains, and circulatory system, among others, present fractal geometry (see Figure 1).
Typical properties of fractal geometries, such as self-similarity, can be observed in these exam-
ples. The self-similarity property describes those fractals that contain self-copies and can be
defined recursively. Thus, an object is said to be self-similar if its parts have the same shape or
structure as the whole, although they may occur on a different scale and may also be slightly
deformed. It is observed that the self-similarity property in elements in nature usually disap-
pears after some iterations, not being able to reach infinity. When generating fractal structures,
the current iteration of the fractal is also known as the stage of the fractal.

2.1.1. Fractal dimension

If the analyzed object presents self-similar properties, it can be considered a fractal object and
thus it can be characterized by a parameter known as the fractal dimension (D).

Fractal dimension is a generic concept that has its origin in mathematical metrics. Unlike topo-
logical dimensions, the fractal dimension can take noninteger values. The topological dimensions
of lines, squares, and cubes are respectively one, two, and three. Mandelbrot’s research, based on
previous works of Hausdorff, introduced the possible existence of geometric objects of interme-
diate dimensions between those integer values, and thus, the concept of fractal dimension [1, 18].
It can also be understood as a measure of the space-filling capacity of a fractal pattern.

Figure 1. Example of fractal in nature (Public-Domain-Photos.com).
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Fractals are generated from an initiator corresponding to step s = 0 (see Figure 2) and the
fractal dimension can be calculated as,

D ¼ � ln N
ln r

ð1Þ

with N the number of self-copies of the initiator at stage 1 (s = 1), i.e., the generator and r the
scale factor that rules the length shrinkage of the copy in each new stage.

This work focuses on a fractal structure based on the Cantor set. The original Cantor set is
constructed, taking an initial unit segment at stage 0 (s = 0) and splitting it in three identical
parts. Then, the middle segment is erased and the first stage (s = 1) is obtained. This procedure
is repeated infinitely to obtain the Cantor set.

For the original Cantor set, the number of self-copies in stage s = 1 is N = 2, while the scaling
factor becomes r = 1/3, resulting in a fractal dimension, which corresponds to a fractal dimen-
sion of D = 0.6309.

2.1.2. Lacunarity

In mathematics, symmetries are expressed as invariances, i.e., lack of change, under different
operations such as a spatial translation. The concept of lacunarity was first used by Mandel-
brot [1]. The lacunarity parameter was introduced to describe the degree of translational
invariance or homogeneity of a fractal. It is a measure of how fractal patterns fill space.
Patterns that present larger holes or show a lower translational invariance are generally said
to have a high lacunarity. In contrast, fractals that are more homogeneous or approach trans-
lational invariance have low lacunarity. Thus, two fractals that are constructed with a similar
procedure, and even have the same fractal dimension, may present a different lacunarity,
depending on their degree of heterogeneity. It can be said that the lacunarity parameter,
therefore, describes the texture of the fractal pattern and makes it possible to distinguish sets
that have the same fractal dimension, but different textures [19].

Many methods have been proposed to quantify this fractal parameter, some of which involve
calculating the first- and second-order moments of the fractal mass distribution. One of the
best known methods is the gliding box algorithm that has been used in the present work.

Figure 2. Building of the Cantor set. Stages s = 0, 1, 2, and 3 are shown.
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2.1.3. Prefractal

As it has been explained in Section 2.1.1, fractals are generated from an initiator corresponding
to step s = 0. In the next step (s = 1), the initiator is replaced by a number or scaled copies of
itself. This procedure is repeated over and over in the following stages. Strictly speaking, a
fractal is reached when the number of stages tends to infinity. When this whole process is
truncated, prefractal structures are obtained instead.

However, throughout the chapter, the term fractal is used instead of the term prefractal as it
has become a standard in engineering applications. However, this whole work refers to fractal
structures with a finite stage of growth, i.e., prefractals.

2.2. Generalized polyadic Cantor sets

If the same construction procedure of the original Cantor set is replicated, but substituting the
ratio r = 1/3 by an arbitrary ratio between 0 and 1/2, fractal sets with the same nature but with a
different fractal dimension (D) are obtained. The fractal dimension has always a value between
0 and 1. These sets are known as generalized polyadic Cantor sets (GPCSs) and are character-
ized by the same parameters as the original Cantor set as shown in the Figure 3 (s denotes the
prefractal current stage; N, the number of scaled self-copies of the initiator at stage s = 1; D, the
fractal dimension and, r, the scale factor with which each new copy is shrinked at the next
stage). A new parameter ε represents the width lateral gaps generated at stage s = 1. This new
parameter characterizes the distribution of the gaps inside the polyadic Cantor set and
becomes a new design parameter, which enhances the control flexibility of these fractal struc-
tures in new applications. This ε parameter has also been widely accepted as an indication of
the lacunarity parameter in the literature [15].

The size of all segments, which belong to the same stage (s) is identical and its value is ruled by
the expression:

WS ¼ LrS ð2Þ

with L the length of the initial segment, i.e., the initiator.

Figure 3. Generalized polyadic Cantor sets (GPCSs) main parameters.
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Eq. (1), which calculates the fractal dimension, can be also expressed as a function of the
number of gaps in stage 1 (ngaps). Thus, the fractal dimension is rewritten as:

D ¼ � lnðngaps þ 1Þ
ln r

ð3Þ

If the number of elements, N, is fixed, the scaling factor, r, must be modified to obtain a
different fractal dimension, D. Thus, the fractal descriptor, D, becomes a direct measure of the
transparency of the generated prefractal. If a prefractal presents a higher D parameter, it will
be more opaque, i.e., filled with matter, whereas a lower D parameter results in a more
transparent prefractal structure.

Generalized polyadic Cantor sets (Figure 4) can have either even or odd order. In the first stage
(s = 1), the even-order sets have a central gap and an even number of gaps on both sides (lateral
gaps). In contrast, those of odd order do not have a central gap, but two gaps or identical size
next to the central segment. These two gaps closer to the center (adjacent gaps) are equivalent
to the central gap in an even-order set. The rest of the gaps (lateral gaps) are identical among
them and distributed as in the even-order case, but have a different size to the adjacent gaps.

The width of the central gap is denoted by gC. In the even-order set the central gap has a width
equal to h gC, while in the odd-order case the two adjacent gaps have a width equal to gC/2.
The width of the lateral gaps for both the even case and the odd case is denoted by ε.

One can discuss which cases present minimal or maximum lacunarity. Thus, when all the gaps
at the first stage, including the central or the adjacent gaps, are of equal width, the lacunarity is
said to be minimal (homogeneous case). The value of this gap width, which produces this
minimal lacunarity turns out to be:

εmin_lacunarity ¼ 1�N r
N � 1

ð4Þ

As it can be observed in Figure 5, all of the gaps in stage s = 1 present the same width. This case
is an even-order set with N = 6 and achieves minimum lacunarity since the distribution of gaps
is homogeneous.

On the other hand, maximum lacunarity is achieved when the lateral gaps are removed
(εmax_lacunarity = 0). Thus, for an even-order Cantor set, a central gap remains in the middle of
the set and two identical segments without gaps are placed at both sides of that central gap, as
shown in Figure 6. For an odd-order cantor set, there is a segment in the center with two
identical adjacent gaps. Then, two identical segments without lateral gaps are found at both
sides of the set as in the even-order case.

Lacunarity may also be increased going in the opposite direction. The central gap may be
shrinked instead of augmented. In this direction, the higher lacunarity is obtained when the
central gap disappears and the whole gap space is split among the lateral gaps, as shown in
Figure 7.
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This case corresponds to an ε value given by:

ε0 ¼ 1�N r
N � 2

if N is even ð5Þ

ε0 ¼ 1�N r
N � 3

if N is odd ð6Þ

The general expressions for the ε parameter, for any lacunarity value, are given by,

ε ¼ 1�N r� gC
N � 2

ðN ≥ 4Þ if N is even ð7Þ

Figure 4. Generalized polyadic Cantor sets. (a) Odd order (N = 5) and (b) even order (N = 6).
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ε ¼ 1�N r� gC
N � 3

ðN ≥ 5Þ if N is odd ð8Þ

Another very useful parameter is the central gap fraction (fgc). This parameter conveys the
same information as the ε parameter, but it is a more intuitive parameter easier to visualize.
The central gap fraction represents the ratio between the width of the central gap and the total
width of the combination of the gaps of the PCS. The central gap fraction can be expressed as,

f gc ¼
gC

1�Nr
ðN ≥ 4Þ ð9Þ

And the relationship between the fgc and the ε parameters is given by,

f gc ¼
1�Nr� ðN � 2Þε

1�Nr
if N is even ð10Þ

Figure 6. Generalized polyadic Cantor set (N = 6) with maximum lacunarity.

Figure 5. Generalized polyadic Cantor set (N = 6) with minimum lacunarity.
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f gc ¼
1�Nr� ðN � 3Þε

1�Nr
if N is odd ð11Þ

3. Numerical models and lens design

The interaction of acoustic waves with matter is well explained by means of theoretical
models. The development of these accurate models has allowed, to a large degree, the devel-
opment of acoustics in the last decades. These models are numerically programmed, providing
an intake to understand the underlying physics in new systems and devices. Thus, numerical
modeling is a very useful tool to enhance the design of polyadic Cantor fractal lenses (PCFLs)
before fabricating them.

In our work, numerical modeling has been split into two separate procedures. First, polyadic
Cantor sets and their corresponding ultrasonic lenses are designed using the Matlab software,
and then, their acoustic behavior has been analyzed using the finite element method (FEM).

The main parameters used for the design of the PFCL are the following: fractal dimension (D),
stage (s), number of self-copies of the generator (N), central gap fraction (fgc), scale ratio (r),
central gap width (gC), and lateral gap width (ε). Additionally, there are other parameters that
also affect the behavior of the lens and have to be considered, such as the working frequency (f)
or the size of the lens characterized by its radius (R).

The scale ratio can be easily obtained from Eq. (1) and is given by,

r ¼ N�1=D ð12Þ

And the central gap width can be calculated from,

gC ¼ ð1� rNÞf gc ð13Þ

The following equations show the theoretical formulas to calculate the position of the Cantor
bars in a polyadic Cantor set. These equations are implemented recursively. The first stage is

Figure 7. Generalized polyadic Cantor set (N = 5) with high lacunarity.
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calculated using Eq. (14) and has a different implementation depending on the order (even or
odd) of the PCS. The rest of the stages are computed recursively from stage s = 1 using Eq. (15).

b(i,1) indicates the start and end of each of the Cantor bars in stage s = 1, where i is an integer
index that ranges from 1 to 2N.

bði,1Þ

int
i
2

� �
� rþ int

i� 1
2

� �
� εþ trueði > NÞðgC � εÞ even N

int
i
2

� �
� rþ int

i� 1
2

� �
� εþ true

�
i > ðN � 1Þ

� gC
2
� ε

� �
þ

þtrue
�
i > ðN þ 1Þ

� gC
2
� ε

� �
odd N

8>>>>>>>><
>>>>>>>>:

ð14Þ

In Eq. (14), the function int(x) stands for the floor function that maps a real number to the
largest previous integer and the function true(x) is the true function which returns the value 1
when the condition inside the brackets is fulfilled and 0 otherwise.

b(i,s) indicates the start and end of each of the Cantor bars in stage s, where i is an integer index
that ranges from 1 to 2Ns.

bði, sÞ ¼ b 1þ 2 int
i� 1
2Ns�1

� �
, 1

� �
þ r � bð1þmod½i� 1, 2Ns�1�, s� 1Þ ð15Þ

The function mod(x,y) returns the reminder after division x by y.

Once the polyadic Cantor sets have been constructed, box counting methods have been used to
verify the main fractal parameters, which are fractal dimension and lacunarity.

PCS have axial symmetry, and this symmetry is extended to the construction of its
corresponding lens. The PCFL is constructed by rotating the PFS around its symmetry axis.
When using the finite element method to simulate the PCFL acoustic behavior, this symmetry
becomes a significant advantage as it reduces the computational time of the simulation.

Describing physical phenomena frequently leads to space and time-dependent problems,
mathematically described by partial differential equations (PDEs). In the PFCL characteriza-
tion, it is not possible to solve these equations analytically and a numerical approximation,
typically, in terms of a certain discretization, is applied. FEM have been conceptually developed
for the numerical discretization of problems with bounded domains and they are especially
applicable for solving Helmholtz problems. A PCFL characterization problem in which the
geometry, boundary conditions, and materials are symmetric with respect to an axis can be
solved as an axisymmetric problem instead of as a three-dimensional problem.

The interaction of ultrasound waves with ultrasonic lenses is a very complex problem. The
finite element method (FEM) seems to be an appropriate computational tool to determine the
distribution of acoustic pressure and, therefore, the focal position and the size of the focal spot.
To decrease the computational cost of the simulations, the geometrical properties of the model
that has been implemented must be taken into account. Due to axial symmetry of these
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structures, numerical calculation was made by means or the 2D axisymmetric method. This
model includes a piston source, which consists of an axially oscillating disk of dimensions
equal to the axisymmetric lens. A plane wave with amplitude P0 impinges the axisymmetric
lenses upward along the y-direction.

For this purpose, it is necessary to solve the Helmholtz equation given by

∇ � 1
ρ
∇p

� �
¼ ω2

ρc2
p ð16Þ

where ρ (ρ = 1000 kg/m3) is the medium density, c (c = 1500 m/s) is the ultrasound velocity, ω is
the angular frequency, and p is the acoustic pressure. The assumptions made in the simulations
are the following: (1) the wavelength of the incident plane wave (IPW) is large compared to the
thickness of the lens, (2) the lens is considered to be acoustically rigid, therefore, the Neumann
boundary condition (zero sound velocity) is applied, and (3) the plane wave radiation condi-
tion is applied to the boundaries of the domain to simulate free space and emulate the
Sommerfeld condition in the numerical solution of the wave problem as shown in Figure 8.

Due to the characteristics of the system that is being modeled, where small time-dependent
pressure variations values are assumed, the so-called background pressure field is considered.

To quantify the acoustic field, the sound pressure level is calculated in each point of the
domain, and then the acoustic gain is calculated using the expression

Figure 8. (a) Schematic diagram of the configuration simulated in the numerical domain where the solutions are
obtained. (b) XZ-plane view of the PCFL. (c) XY-plane view of the PCFL.
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Gfocus ¼ 20 � log10
p

pincident

�����

����� ð17Þ

where p is the sound pressure at an arbitrary point, and pincident is incident pressure at the lens.

4. Characterization of polyadic Cantor fractal lenses

Once the design parameters of the polyadic Cantor fractal lenses (PCFLs) have been presented,
the influence of these parameters onto the modulation of sound beams is analyzed using the
numerical method described in the previous section. All this work is applied to design acoustic
lenses with beamforming and focal energy control mechanisms.

As it can be observed from Figure 9, a source emits waves of a certain frequency generating
an incident plane wavefront (IPW) traveling in the direction of the Z-axis. The lens is oriented
parallel to the XY plane (Z = 0), and is intercepted by this IPW. The PCFL has several rings
that, due to diffraction phenomena, produce an infinite number of in-phase emission points,
which generate a certain beamforming of the sound beam. In particular, much of the energy
is concentrated at a point known as the focal lens (FL), because of constructive interferences.
These types of lenses may generate more than one focus along the Z-axis, depending on the
selected parameter values, and that can become an advantage in certain applications.

Figure 9. Numerical set-up. The IPW and FL are in Z-axis direction and the PCFL is placed in the XY-plane.
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The final objective of this work is two-fold. On the one hand, the design of fractal lenses, which
are capable of modulating the acoustic beam, is pursued. On the other hand, once a specific
lens has been designed, it is desirable to find a dynamic parameter, such as the working
frequency, that allows a certain control on the beamforming capabilities of the lenses.

For this purpose, a lens of R = 12.5 cm and negligible thickness, compared to the working
wavelength, is selected. The design parameters are initially set to the following values: D = 0.6,
N = 5, fgc = 0.4. The working frequency is set to f = 100 kHz. For practical reasons, the PCFL
stage will remain constant with value s = 2.

Throughout this section, each of the design parameters (f, D, fgc, and N) will be shifted to
different values, one parameter at a time, keeping the remaining parameters to their initial
values. With this procedure, the influence of each parameter onto the acoustic response of the
designed PCFL can be analyzed independently. Likewise, a similar study is carried out to
establish the effect of the working frequency on the beamforming capability of the PCFL.

4.1. Focal distance variation with frequency

Using the design parameters values given above (D = 0.6, N = 5, fgc = 0.4, s = 2, and R = 12.5 cm),
a PCFL has been simulated using to the numerical methods discussed in Section 3. A flat
acoustic wavefront reaches the lens. The frequency of this wavefront is shifted to values
between 50 and 400 kHz. The effect of the frequency shift onto the acoustic transmission
variation and beamforming modulation is then analyzed. The PCFL in the XZ-plane view is
shown in Figure 10. Figure 11 shows the pressure maps (gains in dB) at the XZ-plane, perpen-
dicular to the wave propagation direction, for frequencies of 50, 100, 200, 300, and 400 kHz.

Figure 10. XY-plane view of the PCFL with D = 0.6, N = 5, fgc = 0.4, s = 2, and R = 12.5 cm.
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Analyzing the variation with the X-axis, direction parallel to the lens, a focalization in the
central region (x = 0) may be observed. This focalization is constant and independent of the
working frequency. However, the variation with the Z-axis, direction perpendicular to the lens,
is a different subject. It can be observed that the position of the focalization area shifts with the
working frequency. Moreover, the focalization area width and the focal gain also increase with
the working frequency. From the simulation, a linear relationship can be established between
the PCFL focal length and the working frequency given by:

df ¼ d50
f
50

¼ kf ð18Þ

being d50 the distance from the closest focus to the lens at a frequency of 50 kHz, which has
been considered as the reference frequency, in m, f is the current working frequency in kHz,
and df is the focal distance for the current working frequency in m. The k factor is defined to
simplify the expression as the ratio between the focal distance at the reference frequency and
the value of that reference frequency in kHz. This constant has been defined in m/kHz units.

This result is very significant, since it allows a very precise control of the lens focus location in a
dynamic way, without requiring the modification of the lens design. In medical applications
where focal location control is critical, such as thermal, these types of lenses have a great
potential. They can be combined with high-intensity focus ultrasound (HIFU) to design treat-
ment planning and targeting before applying an ablative level of ultrasound energy.

4.2. Variation of the fractal dimension D

In order to analyze the influence of the fractal dimension on the PCFL design, the design
parameters are reboot to the initial values that have been previously selected (N = 5, fgc = 0.4,
s = 2, R = 12.5 cm) and the working frequency is set to f = 100 kHz. The XZ-view of the PCFLs
for different values of D, (a) D = 0.5, (b) D = 0.6, (c) D = 0.7, and (d) D = 0.8, are shown in

Figure 11. Two-dimensional spatial distribution of the acoustic gain (in dB) in the XZ-plane for the PCFL with D = 0.6,
N = 5, fgc = 0.4, s = 2, and R = 12.5 cm, for (a) 50 kHz, (b) 100 kHz, (c) 200 kHz, (d) 300 kHz, and (e) 400 kHz.
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Figure 12. It can be observed how the lens becomes more opaque as D increases. Figure 13
shows the pressure maps (gain in dBs) for fractal dimension values of D = 0.5, 0.6, 0.7, and 0.8.

Figure 13 shows that the focus position remains constant with the fractal dimension, and there
is not any shift in either the X- or the Z-axis directions. However, the fractal dimension value
has an influence on the focal gain of the PCFL. This effect is due to the diffraction mechanism.
The raise on fractal dimension results in a more opaque lens, and the transmitted wave
decreases, while the diffracted field increases, resulting in higher constructive interference at
the lens focuses. The required focal gain will depend on the specific application and will define
the fractal dimension for the PCFL design, as described in Section 4.1.

4.3. Variation of the central gap fraction (fgc)

In this section, the influence of the central gap fraction parameter (fgc) on the PCFL
beamforming capabilities is analyzed. The rest of the parameters are set again to their initial
values (f = 100 kHz, N = 5, s = 2, D = 0.6, and R = 12.5 cm) as in the previous cases. From
Figure 14, it can be noted how as the fgc parameter increases the central gap width increases
and then, the lateral gap width decreases. Figure 15 shows the PCFL pressure maps (gain in
dB) for fgc values: (a) fgc = 0.2, (b) fgc = 0.4, (c) fgc = 0.6, and (d) fgc = 0.8.

Figure 12. XY-plane view of the PCFL withN = 5, fgc = 0.4, s = 2, and R = 12.5 cm and f = 100 kHz for: (a)D = 0.5, (b)D = 0.6,
(c) D = 0.7, and (d) D = 0.8.
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Figure 13. Two-dimensional spatial distribution of the acoustic gain (in dB) in the XZ-plane for the PCFL with N = 5, fgc =
0.4, s = 2, and R = 12.5 cm and f = 100 kHz for: (a) D = 0.5, (b) D = 0.6, (c) D = 0.7, and (d) D = 0.8.

Figure 14. XY-plane view of the PCFL with N = 5, D = 0.6, s = 2, and R = 12.5 cm and f = 100 kHz for: (a) fgc = 0.2,
(b) fgc = 0.4, (c) fgc = 0.6, and (d) fgc = 0.8.
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The increase of the fgc parameter results in a larger central gap, while the lateral gaps width (ε)
becomes smaller, remaining constant the combination of the widths of all the gaps present in
the PCFL. The ε parameter has been previously defined in Eqs. (7) and (8).

Figure 15 shows the influence of the central gap fraction on the modulation of the acoustic
beam. It can be shown that the focal points remain at the same locations. At the further focus,
approximately located at z = 0.55 m, the focal gain diminishes when the fgc parameter is
increased, while the closest foci increase their focal gain with the fgc parameter. Therefore, the
fgc selection has a direct impact on the modulation of the acoustic beam and should be carefully
considered when designing the PCFL.

4.4. Variation of the number of elements (N)

In this section, the influence of the N parameter on the pressure maps is considered. The rest of
the parameters are set to their initial values as in the previous sections (f = 100 kHz, s = 2,D = 0.6,
fgc = 0.4 = 0.4, and R = 12.5 cm). Figure 16 shows the XY-plane views of the PCFLs for differentN
values (N = 4, 5, 6, and 7) while Figure 17 shows their corresponding pressure maps.

Table 1 shows the dependence of parameters r and gC with N. Increasing N results in a
decrease in r if fractal dimension is kept constant, as a result of the elements becoming smaller.
However, this inverse relationship is not linear as can be observed in Eq. (1). Therefore, the
opaque percentage of the PCFL diminishes when N is increased, and the central gap becomes
higher. Thus, increasing the number of elements N makes the lens slightly more transparent
without requiring the variation of the fractal dimension.

Figure 17 shows a similar behavior to that obtained in Section 4.3, reducing the focal gain of
the further focus and increasing the focal gains of the closest foci when the number of elements
is increased.

Figure 15. Two-dimensional spatial distribution of the acoustic gain (in dB) in the XZ-plane for the PCFL with N = 5,
D = 0.6, s = 2, and R = 12.5 cm and f = 100 kHz for (a) fgc = 0.2, (b) fgc = 0.4, (c) fgc = 0.6, and (d) fgc = 0.8.
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Figure 16. XY-plane view of the PCFL with fgc = 0.4, D = 0.6, s = 2, and R = 12.5 cm and f = 100 kHz for (a) N = 4, (b) N = 5,
(c) N = 6, and (d) N = 7.

Figure 17. Two-dimensional spatial distribution of the acoustic gain (in dB) in the XZ-plane for the PCFL with fgc = 0.4,
D = 0.6, s = 2, and R = 12.5 cm parameters and working frequency of 100 kHz. The number of solid zones is: (a) N = 4, (b)
N = 5, (c) N = 6, and (d) N = 7.
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4.5. Scalability of the lens

It this section the scalability of the lens is verified. This means that the same modulation of the
acoustic beam is obtained, although at a different scale, when the size of the lens is reduced
and the working frequency is increased in the same proportion. Figure 18 shows the pressure
in dBs along the Z-axis for four different lens sizes: (a) R = 12.5 cm, (b) R = 6.25 cm, (c) R = 3.125
cm, and (d) R = 1.5625 cm. The corresponding frequencies are: (a) 50, (b) 100, (c) 200, and (d)
400 kHz. As it can be observed from Figure 18, the pressure levels are equal for the different
cases. The location of the focus area is scaled as expected. Notice that the horizontal axes in
Figure 14 show different scales. If the focus position is normalized with the size of the lens, the
same results are obtained in all four cases.

5. Conclusions

This work presents a comprehensive analysis of polyadic Cantor fractal lenses (PCFLs). It has
been shown that the variation of the PCFL design parameters affect the modulation of the
acoustic beam. Fractal dimension (D) affects the gain of the main focus of the pressure map.
Varying the central gap fraction (fgc) or the number of elements at stage s = 1 (N) results in a
similar behavior, allowing to enhance the gain of further or closer foci, depending on the
application requirements. Moreover, the numerical model shows that the PCFL is scalable.

N fgc r gC/2R D

4 0.4 0.099 0.241 0.6

5 0.4 0.068 0.263 0.6

6 0.4 0.050 0.278 0.6

7 0.4 0.039 0.291 0.6

Table 1. Numerical results for variations of N.

Figure 18. Spatial distribution of the acoustic pressure level (in dB) along the Z-axis or the PCFL with D = 0.6, N = 5, fgc =
0.4, s = 2 for (a) R = 12.5 cm, (b) R = 6.25 cm, (c) R = 3.125 cm, and (d) R = 1.5625.
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Finally, once the PCFL is designed, a precise focus shifting along the Z-axis is achieved and
controlled by slightly varying the working frequency. This gives the user a dynamic parameter to
control the focus position without modifying the lens. This dynamic control is critical in certain
medical applications where focusing of an ultrasonic beam allows tumors thermal ablation.
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Abstract

From the formation of lightning-paths to vascular networks, diverse nontrivial self-
organizing and self-assembling processes of pattern formation give rise to intricate
structures everywhere and at all scales in nature, often referred to as fractals. One
striking feature of these disordered growth processes is the morphological transitions
that they undergo as a result of the interplay of the entropic and energetic aspects of
their growth dynamics that ultimately manifest in their structural geometry. Nonethe-
less, despite the complexity of these structures, great insights can be obtained into the
fundamental elements of their dynamics from the powerful concepts of fractal geometry.
In this chapter, we show how numerical and theoretical fractal analyses provide a
universal description to the well observed fractal to nonfractal morphological transitions
in particle aggregation phenomena.

Keywords: aggregation, entropic/energetic forces, fractal growth, morphological tran-
sitions, universality

1. Introduction

In nature, fractal structures emerge in a wide variety of systexms as a local optimization of
diverse growth processes restricted to the entropic and energetic inputs from the environment.
Even more, the fractality of these systems determines many of their physical, chemical, and/or
biological properties. Thus, to comprehend the mechanisms that originate and control the
fractality is highly relevant in many areas of science and technology [1–3].

© 2017 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.



One of the most successful approaches to this problem employs stochastic growth processes
of particle aggregation. In general, aggregation phenomena are out-of-equilibrium processes of
fractal pattern formation that are ubiquitous in nature [4]. As such, since the introduction
of the diffusion-limited aggregation (DLA) and ballistic aggregation (BA) models, a plethora
of studies has been developed trying to understand the ultimate aspects of the aggregation
dynamics that give rise to self-similar or fractal clusters, the relationship of this fractality with
their physical and chemical properties, and the most effective methods and techniques to
control the fractal growth.

In particular, one striking feature of these systems is the morphological transition that
they undergo as a result of the interplay of the entropic and energetic aspects of their
growth dynamics that ultimately manifest themselves in the geometry of their structure
[5]. It is here, where despite of their complexity, great insight can be obtained into the
fundamental elements of their dynamics from the powerful concepts of fractal geometry
[6, 7].

One example of this is the well-known dielectric breakdown model (DBM) or generalized
Laplacian growth model, which has importantly contributed to our understanding of far-
from-equilibrium growth phenomena, to such extent that seemingly unrelated patterns
found in nature, as river networks or bacterial colonies, are understood in terms of a
single framework of complex growth [8, 9]. However, we are still in need for a complete
scaling theory of growth for systems far-from-equilibrium, as well as a comprehensive
description of the fractality of systems that exhibits fractal to nonfractal morphological
transitions [10].

In this chapter, starting from the mean-field result for the fractal dimension of Laplacian
growth, we present a theoretical framework for the study of these transitions. Using a
statistical approach to fundamental particle-cluster aggregation dynamics, under which it is
possible to create four nontrivial fractal to nonfractal transitions that will capture all the
main features of fractal growth, we show that, regardless of their space symmetry-breaking
mechanism, they are well described by a universal dimensionality function, including the
Laplacian one.

In order to show this, we consider the following: first, we introduce a general dimensionality
function that is able to describe the measured fractal dimensions and scaling of clusters
generated form particle aggregation. Second, we apply this equation to a set of fractal to
nonfractal morphological transitions, created by identifying the fundamental dynamics that
drive the fractal growth in particle aggregation and by combining three fundamental off-
lattice particle-cluster aggregation models, the DLA, BA, and a recently introduced infinite-
range mean-field (MF) attractive model [11, 12] under two different schemes. Afterwards,
the scaling of the clusters along the transitions is measured for different values of their
control parameters using two standard methods: the two-point density correlation function
and the radius of gyration. Finally, we show how all measurements for the scaling of the
DLA-MF, and BA-MF transitions collapse to a single universal curve valid for any embed-
ding Euclidean space, under the appropriate variable transformations of the general dimen-
sionality function.
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2. Fundamental models

In the Laplacian theory of growth, the growth probability at a given point in space, μ, is given
by the spatial variation of a scalar field, φ, i.e., μ∝ j∇φj. An example of such processes is the
paradigmatic DLAmodel, where particles randomly aggregate one-by-one to a seed particle to
form a cluster [8–10] (Figure 1). It has been found that the structure that emerges from this
process exhibits self-similar properties described by a fractal dimension, D, only dependent on
the Euclidean dimension, d, of its embedding space [13, 14] given by,

DðdÞ ¼ d2 þ 1
dþ 1

: ð1Þ

For d ¼ 2, this expression predicts D ¼ 5=3 ≈ 1:67, different from the widely reported and
numerically obtained value for off-lattice DLA, D ¼ 1:71. Furthermore, it was found that D is
highly dependent on the mean square displacement of the particles’ trajectories, giving rise to a
continuous screening-driven morphological transition that has been neatly described by
extending the Laplacian theory to consider a general process where particles follow fractal

Figure 1. Schematic diagram of the fundamental aggregation models (top row) used in this work, where particles, that
are launched one-by-one into the system from rL with uniform probability in position and direction, (a) follow straight-
line trajectories before aggregation in BA, (b) perform a random walk in DLA, and (c) get radially attached to the closest
particle in the cluster as a result of an infinite-range radial interaction in MF. The morphology of MF emerges solely from
its long-range interaction, as opposed to the stochastic BA and DLA. The corresponding characteristic cluster with its
fractal dimension D0 is shown in the bottom row.
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trajectories [15]. It was found that D is related to the dimension of the walkers’ trajectories, dw,
through the Honda-Toyoki-Matsushita (HTM) mean-field equation [16, 17]:

Dðd; dwÞ ¼ d2 þ dw � 1
dþ dw � 1

: ð2Þ

Here, for dw ¼ 1 one gets D ¼ d, as expected for ballistic-aggregation dynamics (see Figure 1),
whereas for dw ¼ 2, the value D ¼ 5=3 for DLA is recovered. This BA-DLA transition has been
reproduced in diverse and equivalent aggregation schemes, e.g., of wandering particles under
drift [18], or with variable random-walk step size [19], by imposing directional correlations
[20, 21], and through probabilistically mixed aggregation dynamics [22].

However, one of the most challenging aspect of the theory comes when the growth is not
purely limited by diffusion, e.g., when it takes place under the presence of long-range attrac-
tive interactions, where strong screening and anisotropic effects must be considered [1, 5, 7]. In
this case, a clever generalization to the Laplacian growth process was proposed within the
context of the DBM, assuming μ∝ j∇ðφÞjη, where η is a positive real number that keeps the
information associated with all effects coming from screening and anisotropy [23, 24]. This
process generates a characteristic fractal to nonfractal morphological transition from a compact
structure with D ¼ d when η ¼ 0, through DLA at η ¼ 1, to a linear one with D ¼ 1, as η ! ∞
[25, 26]. In this scenario, the generalized HTM equation [17, 27], given as,

Dðd; dw; ηÞ ¼ d2 þ ηðdw � 1Þ
dþ ηðdw � 1Þ ; ð3Þ

provides a good approximation to the dimensions of this transition but due to its mean-field
limitations, it does not have a good correspondence with the numerical results [25, 26]. None-
theless, as shown here, Eq. (3) is the starting point to clarify this aspect of the theory and, even,
to establish a suitable and general framework to analyze more complex morphological transi-
tions in stochastic growth processes.

This is done by considering that the fundamental dynamical elements of aggregation,
which drive the fractal growth, are mainly two: a stochastic one, coming from the parti-
cles’ trajectories randomness, and an energetic one, coming from attractive interactions.
With regard to the latter, there are two physical mechanisms related to these interactions
and two models that are able to reproduce their effects. First, the model we will refer to as
λ-model [11], incorporates the screening effects associated to long-range attractive interac-
tions (such as those coming from an attractive radial potential) by means of an effective
interaction radius λ, as illustrated in Figure 2a–c. Second, the model referred here to as
the p-model [12], incorporates anisotropy effects coming from surface-tension-like interac-
tions by means of a Monte Carlo approach to aggregation using fundamental stochastic
and energetic models as explained below and illustrated in Figure 2d. Therefore, by
controlling the interplay of any of these two mechanisms with a pure stochastic model
(in this case the DLA or BA models), one is able to generate fractal to nonfractal morpho-
logical transitions.
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3. Methods

In the following and as explained below, all data forDwere measured over a large ensemble of
clusters (with N ¼ 1:5· 105 particles) for each value of the control parameters of the models
proposed, by means of two standard methods: the two-point density correlation function,
CðrÞ∝ r�α, and the radius of gyration, RgðNÞ∝Nβ, where the scaling exponents are related to
D as Dα ¼ d� α, and Dβ ¼ 1=β.

3.1. Aggregation dynamics

In all of the numerical calculations, we choose as a unit of distance, the particles’ diameter
here is set to one. For generating aggregates based on BA or MF (Figure 1a and 1c), a
standard procedure was used in which particles are launched at random, with equal proba-
bility in position and direction of motion, from a circumference of radius rL ¼ 2rmax þ δ,
where rmax is the distance of the farthest particle in the cluster with respect to the seed
particle at the origin. As well, we used δ ¼ 1000 particle diameters to avoid undesirable
screening effects. On the other hand, for the MF model, particles always aggregate to the
closest particle in the cluster. This is determined by projecting the position of the aggregated
particles along the direction of motion of the incoming particle (see Figure 1c). Finally, in the

Figure 2. Schematic diagrams of the energetic aggregation schemes. For the λ-model: (a) every particle in the cluster is
provided with an effective radius of aggregation λ. (b) A particle “collides” with the cluster when its trajectory intersects
for the first time the interaction boundary of any aggregated particle. (c) The particle is aggregated to the closest particle
along its direction of motion. This is determined by the position of the aggregated particles projected onto the direction of
motion of the incoming particle. For the p-model: (d) a Monte Carlo approach to aggregation is established through the
variable p∈ ½0; 1�, that controls the probability of aggregation under MF dynamics.
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case of aggregates generated using DLA dynamics (Figure 1b), particles were launched from
a circumference of radius rL ¼ rmax þ δ with δ ¼ 100, while their mean free path was set to
one particle diameter in the beginning. Further on, as typically done, their mean free path is
modified as the particles wander beyond a distance larger than rL or in-between branches.
As well, a killing radius is set at rK ¼ 2rL in order to speed up the aggregation process. For
the special case of the λ-model, for aggregates generated with DLA dynamics, particles were
launched from a circle of radius L ¼ rmax þ λþ δ, with δ ¼ 100.

Regarding the p-model, in order to mix different aggregation dynamics, a Monte Carlo scheme
of aggregation is implemented using the BA, DLA, and MF models. The combination between
pairs of models results in the DLA-MF and BA-MF transitions by varying the mixing param-
eter p∈ ½0; 1�. This parameter is associated with the probability or fraction of particles aggre-
gated under MF dynamics, p ¼ NMF=N, where N is total number of particles in the cluster.
Therefore, as p varies from p ¼ 0 (pure stochastic dynamics given by the BA or DLA dynamics)
to p ¼ 1 (purely energetic dynamics given by the MF model), it generates two transitions
discussed below. The evaluation of the aggregation scheme to be used is only updated once
and the particle has been successfully aggregated to the cluster under a given dynamics.

3.2. Fractal and scaling analysis

In all measurements, we performed an ensemble average over 128 clusters containing 1:5· 105

particles each. In first place, we measured the fractal dimension from the two-point density
correlation function,

CðrÞ ¼ 〈〈ρðr0Þρðr0 þ rÞ〉〉jrj¼r; ð4Þ

where the double bracket indicates an average over all possible origins r0 and all possible
orientations. Here, it is assumed that CðrÞ ≈ r�α, where the fractal dimension is given by
Dα ¼ d� α with d being the dimension of the embedding space. In second place, we also
measured the radius of gyration given by

R2
g ¼

XN

i¼1

ðri�rCMÞ2; ð5Þ

where N is the number of particles, ri is the position of the ith-particle in the cluster and, rCM is
the position of the center of mass. Here, it is assumed that RgðNÞ ≈Nβ, where the fractal
dimension is given byDβ ¼ 1=β. In this way, the fractal dimensions Dα and Dβ are, respectively
obtained from linear-fits to the corresponding functions CðrÞ and RgðNÞ in log-log plots at
different scales.

In particular, for the p-model, linear-fits at different scales were performed in order to
capture the main local fractal features. In addition, we averaged the results of 10 linear fits,
distributed over a given interval, in order to improve the precision of the measurements. In
both transitions, DLA-MF and BA-MF, DαðpÞwas measured at short length-scales (regions αI

in Figure 6) over the interval ri ∈ ½1; 2� with fitting-length equal to 10, and rf ∈ ½11; 12� (in
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particle diameters units). At long length-scales (αII), over ri ∈ ½10; 11�with fitting-length equal
to 40, and rf ∈ ½50; 51�. For DβðpÞ, measurements at medium scales (βI) were performed over

the interval ri ∈ ½102; 103� with fitting-length equal to 104, and rf ∈ ½1:01 · 104; 1:1 · 104� (in
particle number). Finally, at large scales (βII), over the interval ri ∈ ½103; 104� with fitting-

length equal to 0:9· 105, and rf ∈ ½9:1· 104; 105�.

4. Fractality prescriptions

Despite the complexity leading to morphological transitions, simple models can be established
to describe their fractality or scaling as a function of the control parameter, in our case, the
branching parameter ε for the λ-model (see below) or the mixing parameter p for the p-model.
To do so, let us start by showing that Eq. (3) can in fact be recovered as the first-order
approximation in f ðηÞ=d of a general exponential form,

DðdÞ ¼ 1þ ðd� 1Þe�f ðηÞ=d; ð6Þ

with f ðηÞ ¼ Ληðdw � 1Þ. It easily follows that,

DðdÞ ≈ 1þ d� 1
1þ f ðηÞ=d ¼ d2 þ f ðηÞ

dþ f ðηÞ : ð7Þ

In this form, by setting Λ ¼ 1, Eq. (3) can be fully recovered. Therefore, it is clear that f ðηÞ in
Eq. (6) keeps all the information associated with the structural symmetry-breaking of the
clusters in the DBM. Under this formalism, let us introduce f ðpÞ with control parameter p,
which takes a similar role as f ðηÞ, i.e., it is associated with the net effect of all screening/
anisotropy-driven forces of a more complex growth process, not necessarily corresponding to
the DBM description. For simplicity, we propose f ðpÞ ¼ Λpχ, where p∈ ½0; 1� is the parameter
that controls the transition, and where Λ and χ are two positive real numbers associated with
the strength of screening/anisotropy-driven forces, that are to be determined either theoreti-
cally or phenomenologically according to the studied transition. This allows us to define a
general dimensionality function, DðpÞ, that describes the fractal dimension of a structure
collapsing toward D ¼ 1 under the effects of f ðpÞ as,

DðpÞ ¼ 1þ ðD0 � 1Þe�f ðpÞ=D0 ; ð8Þ

where D0, with d ≥D0 > 1, is the fractal dimension of the clusters for p ¼ 0. This equation
predicts an inflection point at pi, given by ðΛ=D0Þpχi ¼ ðχ� 1Þ=χ, which defines the change in
dynamical growth regimes. Additionally, the first-order approximation of Eq. (8), is,

DðpÞð1Þ ¼ D2
0 þ f ðpÞ

D0 þ f ðpÞ ; ð9Þ
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with pi given now by ðΛ=D0Þpχi ¼ ðχ� 1Þ=ðχþ 1Þ. Eqs. (8) and (9) describe a continuous
morphological transition from D ¼ D0 for f ðpÞ ¼ 0 (disordered/fractal states) toward D ¼ 1 as
f ðpÞ ! ∞ (ordered states), with a well-defined change in growth dynamics at pi.

Furthermore, let us introduce the reduced parameter, q ¼ p=pi. Analytically, substituting
q∈ ½0;∞Þ, back into Eq. (8) leads to,

DðqÞ ¼ 1þ ðD0 � 1Þe�ΦðqÞ; ð10Þ

where

ΦðqÞ ¼ qχðχ� 1Þ=χ; ð11Þ

is an effective parameter associated to a generalized screening/anisotropy-driven force. Its
first-order approximation is then,

DðqÞð1Þ ¼ D0 þ ΦðqÞ
1þ ΦðqÞ ; ð12Þ

where the effective parameter is now given as,

ΦðqÞ ¼ qχðχ� 1Þ=ðχþ 1Þ: ð13Þ

With this prescription, the dynamical change in growth regime is now located at qi ¼ 1 for all
transitions. Here, we can also include the DBM transition as well, for which ΦðqÞ ¼ qðdw � 1Þ=d.

5. Morphological transitions

5.1. The λ-model: screening-driven transition

In the first approach to morphological transitions, we will consider the case when long-range
attractive interactions are introduced in the growth dynamics. In this case, the way to obtain
self-similar clusters, that is, clusters with a single fractal dimension, is to maintain a proper
balance between the energetic and entropic contributions to the growth process. This can be
done by considering an aggregation radius, λ, associated with the range of the interaction for
each particle in the growing cluster.

For example, for λ ¼ 1, or direct-contact interaction, the usual DLA or BA models are recovered
(see Figure 3a and 4a, respectively). When λ > 1, the attractive interactions modify the local
morphology of the aggregates, leading to a more stringy structure. Two well defined features
emerge due to the interplay of the long-range interactions and the way particles approach the
cluster (in relation with their trajectories): a multiscaling branching growth and a crossover in
fractality, from D ! 1 (as λ ! ∞) to D ¼ D0 (when N ! ∞), as shown in Figures 3 and 4.

It can be appreciated that this growth presents three well-defined stages as illustrated in
Figures 3d and 4d. In the first one, the growth is limited by the interactions and is
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Figure 3. (a) Multiscaling aggregates based on DLA, containing N ¼ 150 · 103 particles each, for λ ¼ 1; 10; 100 and 1000
units, visualized at 5, 10, 30 and 100% of their total size. The squares display the multiscaling evolution of the structure.
(b) Radius of gyration, Rg, and (c) fractal dimension, D, versus the number of aggregated particles, N, in log-log and lin-
log plots, respectively. Notice that, when λ ! ∞, the structure of the aggregates tends to MF ðD ¼ 1Þ. (d) Evolution of the
growing front for the first two stages of growth. (e) Typical structure of an MF aggregate.

Figure 4. (a) Multiscaling aggregates based on BA, containing N ¼ 300 · 103 particles each, for λ ¼ 1; 10; 100 and 1000
units, visualized at 5, 10, 30 and 100% of their total size. (b) Radius of gyration, Rg, and (c) fractal dimension, D, versus the
number of aggregated particles, N, in log-log and lin-log plots, respectively. (d) Evolution of the growing front for the first
two stages of growth. (e) Typical structure of an MF aggregate.
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characterized by D ! 1 as λ ! ∞. This is due to the fact that the radial size of the cluster is
small compared to λ. In consequence, the individual interaction regions of the aggregated
particles are highly overlapped, forming an almost circular envelope or effective boundary of
aggregation around the cluster. This makes the last aggregated particle the most probable
aggregation point in the cluster for the next incoming particle. Because of this, there is a
tendency for the clusters to develop three main arms or branches, clearly seen as λ ! ∞. This
structural feature is reminiscent of a mean-field (MF) behavior. In the second stage, clusters
exhibit a transition in growth dynamics. Here, the envelope starts to develop small deviations
from its initial circular form, with typically three main elongations or growth instabilities
associated with the main branches. When the distance between the tips of the two adjacent
branches becomes of the order of λ, a bifurcation process begins, generating multiscaling
growth. Then, when the interactive envelope develops a branched structure itself, particles
are able to penetrate into the inner regions of the aggregate and another transition in growth
dynamics takes place, from interaction-limited to trajectory-limited. In the third stage, when the
distance among the tips of the main branches becomes much larger than λ, growth is limited
by the mean squared displacement of the wandering particles. In this case, the asymptotic
value D ¼ D0 and the main features in the global structure of the cluster are remarkably
recovered as N ! ∞, inheriting the main characteristics of the entropic aggregation-model
used, either DLA or BA. That is, even though interactions leave a strong imprint in the local
structure and fractality of the clusters, the stochastic nature of the particle trajectories will
ultimately determine their global characteristics.

However, taking into account that the spatial size of the clusters is proportional to the radius of

gyration Rg ∝N1=D, the desired balance between entropic and energetic forces, the latter related
to the long-range attractive interaction and to the parameter λ, can be achieved by scaling the
interaction range itself with the number of particles in the cluster through λðNÞ ¼ λ0Nε, where
λ0 is fixed to one, while ε is the scaling parameter that takes values in [0, 1]; we will refer ε as the
branching parameter. Given a fixed value of ε and this choice for λðNÞ, every aggregate grown
under these conditions has a precise and uniquely defined fractal dimension D ¼ DðεÞ. In fact,
using DðεÞ for different values of ε, one can define the entropic and energetic ratios given by
f S ¼ ðDðεÞ � 1Þ=ðD0 � 1Þ and f E ¼ 1� f S, respectively, that quantify the specific entropic and
energetic contribution to the fractal dimension of the clusters (see Figure 5). Here, one can clearly
appreciate the transition in growth regimes from entropic, when ε ! 0, to energetic, as ε ! 1,
and the nontrivial interplay between them to generate each cluster with a specific dimensionality.

Additionally, this model allows one to estimate εðDÞ, in order to grow aggregates with any
prescribed fractal dimension D in ½1; D0�, once the underlying entropic model, DLA or BA, is
selected. As such, we are no longer restricted to the purely entropic models of fractal growth
with a constant λ, as the energetic contribution of the long-range attractive interactions is
maintained through the varying λðNÞ, enabling one to explore in a continuous manner the full
range of clusters with fractal dimensions in ½1;D0�. Nonetheless, the purely entropic contribution
of the underlying models (DLA or BA) has two important contributions to the clusters’structure:
first, they establish an upper limit to the fractal dimensionality (D0), and second, they define a
characteristic morphology to the clusters (that of DLA or BA). This kind of control over the
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Figure 5. In (a) and (b), aggregates grown with specific values of ε in the interval ½0:01; 1�with the λ-model (top row) and
log-log plots for Rg (middle row) for (a) BA and (b) DLA with N¼ 105 particles. One can appreciate the difference in the
morphology of these monofractal-aggregates with respect to ε. Additionally, the specific entropic and energetic contribu-
tions to the clusters fractal dimension DðεÞ are shown in the bottom panes. (c) Clusters based in BA (left) and DLA (right)
with the same fractal dimension, from top to bottom D ¼ 1:51 and 1:31, grown with a very high precision around the
desired value.

Figure 6. Clusters of 1:5 · 105 particles grown with the indicated values of p, are shown at different magnifications for the
(a) DLA-MF and (b) BA-MF transitions. Particles aggregated under DLA/BA are colored in light-grey while those through
MF in black. These transitions exhibit fast morphological transformations as p increases, from unstable tip-splitting (DLA)
or dense branching (BA), through (inhomogeneous) dendritic, to needle-like growth (MF). (c-d) CðrÞ and RgðNÞ display
deviations from a well-defined linear behavior for different p, revealing the inhomogeneity or crossover effects in these
clusters. Arrows indicate the direction of the transition as function of p:0!1. This is better seen at low scales, where the
stochasticity of DLA or BA dominate the local growth, whereas MF tends to dominate the global morphology as p ! 1. In
both cases, the dynamical growth-regime changes at p ≈ 0:1. Labels αI , αII , βI , and βII indicate the scales used for the
scaling analysis.
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clusters’ fractal dimension and the range it spans, as well as over the morphology of the clusters,
has not been obtained before under any other related scheme of fractality tuning [11].

5.2. The p-model: anisotropy-driven transition

In the second approach, a general stochastic aggregation process can be model under a Monte
Carlo scheme involving three fundamental and simple off-latticemodels of particle-cluster aggre-
gation. On one hand, the well-known BA and DLAmodels provide disordered/fractal structures
through their stochastic (entropic) dynamics (Figure 1a and 1b). On the other, we introduce a
mean-field (MF)model of long-range interactive particle-cluster aggregation [11, 12] that provides
the most energetic (and noiseless) aggregation dynamics that, simultaneously, acts as the main
source of anisotropy. We must remark that this anisotropy is purely generated by the growth
dynamics and not from lattice effects [28] (see Figure 1c). Then, the statistical combination of these
models results in an off-lattice DLA-MF and BA-MF dynamics, whose morphological transitions
can be controlled by the mixing parameter p∈ ½0; 1�, associated with the probability or fraction of
particles aggregated underMF dynamics, p ¼ NMF=N, whereN is total number of particles in the
cluster. Therefore, as p varies from p ¼ 0 to p ¼ 1, it generates two nontrivial transitions from
fractals (DLA) or fat fractals (BA) with fractal dimension D ¼ D0, to nonfractal clusters with
D ¼ 1 (MF), that capture all themainmorphologies of fractal growth [6] (see Figure 6).

6. Universal description

It is necessary to remark that theDLA-MFandBA-MF transitions in the p-model are characterized
by inhomogeneous clusters, i.e., structures with nonconstant scaling as shown in Figure 6c and d,
in contrast with the ones present in BA-DLA [15, 21] and the DBM [23, 25] characterized by
monofractals. These multiscaling features reveal a crossover behavior that can be properly quan-
tified by measuring a local or effective,DðpÞ, at different scales [7], as shown in Figure 7a (details
for the values of the parameter used to produce Figure 7 are presented inTable 1). Analytically, all
measurements can be described by Eqs. (8) and (9), using Λ and χ as fitting parameters. Indeed,
the data for DðpÞ as obtained through to CðrÞ are very well described by Eq. (8), whereas Eq. (9)
better describes the results obtained through RgðNÞ. In the case of the λ-model, the BA/DLA-MF
transitions are governed by the branching parameter, ε, that is equivalent to themixing parameter
p of the p-model. Nonetheless, in theλ-model, the clusters exhibit amonofractal behavior all along
the transition as measured by RgðNÞ. Thus, the data obtained are then described by Eq. (8) as a
fitting function. This analysis is presented in Figure 7d.

By observing the description of the transitions based on the function DðqÞ in Figure 7, one can
clearly appreciate their continuousnature for both theλ- and p-models, aswell as the fact that q ¼ 1
defines a change in aggregationdynamics frompurely entropy tohighly energetic. Inparticular, the
similarity between the transitions of BA-MF and those of the DBM is quite interesting, with results
such as DðqÞ ≈ 1 for q ¼ 4 and DðqÞ ≈ 1:71 for q ¼ 1 in the BA-MF transitions, while DðηÞ ≈ 1 for
η ¼ 4 andDðηÞ ≈ 1:71 for η ¼ 1 in the case of the DBM, even though the processes are different (see
Table 2). Evenmore, by plotting all data as a function ofΦðqÞ itself, i.e.,DðΦÞ, theDLA-MF, BA-MF,
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and DBM transitions approach the highly anisotropic regime in an almost identical manner,
departing from Eqs. (10) and (12). See, for example, Figure 7c and the bottompane in Figure 7d.

A final important implication of the previous findings is that the DBM and BA-MF transitions (for
both λ- and p-models), even though completely different in origin, could be treated as belonging
to the same universality class. To understand this, we must recall that the DBM (η ¼ 1) and
viscous fingering phenomena are said to belong to the same universality class as DLA, because
they are all characterized byD ¼ 1:71 [10, 29]. Therefore, by extending this idea to the description

Figure 7. Scaling analysis for the p-model: (a) Plots of DðpÞ for the DLA-MF and BA-MF transitions obtained from CðrÞ
(left), at small (αI ) and large (αII ) scales, and RgðNÞ (right), at medium (βI ) and large (βII ) scales, in correspondence to
Figures 6c and 6d, respectively. These results are described by the solid and dotted curves given by equations (8) and (9),
respectively, for different values of the parameters Λ and χ. (b) By plotting D as a function of q ¼ p=pi (where pi is
calculated for each curve), data collapses into single master curves, DðqÞ, according to Eqs. (10) and (12), respectively.
Note the common point of regime change at qi ¼ 1, marked with the vertical dashed lines. The curves for the DBM given
by Eqs. (6) and (7), respectively, with Λ ¼ 1 and d ¼ dw ¼ 2, are also included. (c) In the description with the function
DðΦÞ, all of the morphological transitions approach common transitional points where clusters have fully collapsed to an
ordered structure, independently of the stochastic model used. (d) The corresponding scaling analysis is performed for
the BA- and DLA-MF transitions obtained by using the λ-model. In this case, Eqs. (8), (10) and the exponential form of
(14), were used. For further details about the parameter values used, see Table 1.
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with the function DðΦÞ of Eq. (10), the universality of these morphological transitions must be
understood in the sense that they are described by the same scaling in their fractal dimension. In
fact, by defining the reduced codimension, D� ∈ ½0; 1� asD� ¼ ðD� 1Þ=ðD0 � 1Þ, it is still possible

Model Transition Method Scale Λ χ D0 pi, qi

p DLA-MF C (r) αI 15.4 2.24 1.67 0.29

αII 71.5 1.82 0.08

Rg (N) βI 33.8 1.41 1.71 0.03

βII 101.6 1.32 0.01

BA-MF C (r) αI 11.6 1.61 1.94 0.18

αII 45.4 1.38 0.04

Rg (N) βI 124.8 1.95 1.95 0.06

βII 1547.7 2.05 0.02

λ DLA-MF Rg (N) 103 to 105 6.10 1.52 1.70 0.21

BA-MF Rg (N) 103 to 105 6.35 1.43 1.95 0.19

p DLA-MF C (r) – – 1.69 1.67 1.0

Rg (N) – – 1.34 1.71 1.0

BA-MF C (r) – – 1.39 1.94 1.0

Rg (N) – – 1.88 1.95 1.0

λ DLA-MF Rg (N) – – 1.52 1.70 1.0

BA-MF Rg (N) – – 1.43 1.95 1.0

In the first block, we present the parameter values used to describeDðp;Λ;χÞ, using Eqs. (8) and (9). In the second block for
Eqs. (10) and (12), used as fitting functions to the Dðq;χÞ data obtained through CðrÞ and RgðNÞ. In this prescription, χ is
the only free parameter to be determined and, by construction, all the inflection points are located at q ¼ 1. All of the
fittings to the numerical data were performed using the gnuplot embedded algorithms.

Table 1. Parameters for the plots of DðpÞ and DðqÞ in Figure 7.

Model Data D0 χ Φtðv ¼ 0:1Þ qt Φtðv ¼ 0:05Þ qt D(q = 1)

p BA-MF (α) 1.94 1.39 2.3 4.5 3.0 5.4 1.72

DLA-MF (α) 1.67 1.69 2.3 2.8 3.0 3.2 1.46

BA-MF (β) 1.95 1.88 9.0 6.0 19.0 9.0 1.73

DLA-MF (β) 1.71 1.34 9.0 21.7 19.0 37.8 1.62

λ BA-MF 1.95 1.43 2.3 4.2 3.0 5.0 1.70

DLA-MF 1.71 1.52 2.3 3.5 3.0 4.2 1.50

The labels α and β indicate that these data were obtained through measurements of the fractal dimension using CðrÞ and
RgðNÞ, respectively.

Table 2. Transitional points for which the reduced co-dimension D� ≈ 0 for the λ- and p-models studied in this work.
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to define the ultimate representation for the scaling of the transitions through the reduced
codimensionality functions. From Eqs. (10) and (12), these are, respectively given by,

D�ðΦÞ ¼ e�Φ; ð14Þ

D�ðΦÞð1Þ ¼ 1
1þ Φ

; ð15Þ

Figure 8. (a) Snapshots of typical clusters present in fractal to nonfractal morphological transitions obtained from the λ-
model with the branching parameter ε as the control parameter, and the p-model with the mixing parameter p as the

control parameter. (b) By plotting D�ðΦÞ and D�ðΦÞð1Þ, the data for the morphological transitions DLA-MF, BA-MF, and
DBM collapse to universal curves described by Eqs. (14) and (15). Under this prescription, these universal fractal to
nonfractal morphological transitions are independent of the initial fractal dimension, D0, the symmetry-breaking process
that drives the transition, even crossover effects, and, quite remarkably, the Euclidean dimension, d, of its embedding
space. All of the numerical data comes from Figure 7.

Fractal to Non-Fractal Morphological Transitions in Stochastic Growth Processes
http://dx.doi.org/10.5772/67941

123



where the effective parameterΦ is, respectively, given by Eqs. (11) and (13) for each of the previous
two equations. Notice that, since the morphological transitions presented in this work are indepen-
dent of their symmetry-breaking processes, initial-configuration, and that D0 is given by the HTM
equation, we arrive to the important conclusion that, under the formalism based on Eqs. (14) and
(15), fractal to nonfractal morphological transitions will follow the same curves independently of
the Euclidean dimension of the embedding space, as shown in Figure 8. This finding makes it clear
that it is possible to define universal transitional point, Φt, where the screening/anisotropy effects
are dominant over the morphology of the cluster and D ≈ 1. Starting with reduced codimension at
Φt, i.e., D�

t ¼ ðDðΦtÞ � 1Þ=ðD0 � 1Þ ¼ ν, we can ask for the condition ν≪ 1 to be fulfilled (see
Figure 8). Then, the universal transitional points, Φt, must, respectively satisfy exp ð�ΦtÞ ¼ ν and
Φt ¼ ð1� νÞ=ν for the Eqs. (14) and (15). In order to recover the particular transitional points for
Eqs. (10) and (12), we must recall that Φt ¼ ΦðqtÞ and thus, one has to solve for qt. Notice also that
qt ¼ qtðν;χ;D0Þ, therefore it gives different values for each transition (see Table 2).

7. Conclusion

It has been stated above that the entropic and energetic elements are the two aspects of the
complex aggregation dynamics which in nature are strongly correlated. Nonetheless, this
reductionist approach that essentially encapsulates the information of all the finer details of
the dynamics into an effective interaction (in the λ-model, for example) or through a Monte
Carlo approach to aggregation (as in the p-model) has proven to be quite rewarding, as one can
appreciate the wide assortment of fractal morphologies that can be generated and the fine and
easy control one can achieve by means of a single parameter. Here, we shall recall that in two-
dimensional systems (d ¼ 2), by changing the fractal dimension of the particle trajectories, dw,
from dw ¼ 2 (random) to 1 (ballistic), it is possible to generate a complete set of clusters with
fractal dimension betweenD ¼ 1:71 (DLA) to 2 (BA), corresponding to the stochastic (entropic)
regime. However, by scaling the interaction range λ with N, or by gradually introducing an
energetic element trough MF dynamics, we are no longer restricted to this range in D as we
were. We can now explore the full set of fractals with D in ½1;D0�, where D0 ranges from that
value corresponding to DLA to that corresponding to BA, not necessarily bound to d ¼ 2, since
these approaches can be easily extended to higher dimensions [30].

Additionally, the descriptive framework for the scaling of fractal to nonfractal morphological
transitions in stochastic growth processes, which includes the concept of an effective screen-
ing/anisotropy force and reduced codimensionality transformations, has revealed that the
DLA-MF, BA-MF, and DBM transitions exhibit a well-defined universal scaling D�ðΦÞ, which
is independent of the initial fractal configuration of the system, the dimensionality of the
embedding space, crossover effects, and the anisotropy force acting upon them.

The results and models discussed in this chapter represent an important unifying step toward
a complete scaling theory of fractal growth and far-from-equilibrium pattern formation. Addi-
tionally, the possibility of applying the dimensionality function to discuss complex structures
in other research areas, ranging from biology [4, 1], intelligent materials engineering [31, 32] to
medicine [33], seems to be in some cases straightforward.
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Abstract

The altepetl is a category that describes the organizational structure of the territory and 
the social hierarchy of pre-Hispanic societies in Mesoamerica. This category is used to 
understand the basic generator of territorial and political complexity in pre-Hispanic 
times. It is proposed that the repetition of itself, its iteration, increases social complexity 
until reaching structures comparable to big cities and great empires. These complex cul-
tural developments are self-similar to the basic structure that generates them, the altepetl. 
The modeling of the pre-Hispanic altepetl is based on contributions made by ethnohistory 
to a spatial and social organization of territory and on the characteristics of alliances and 
segregations. These constitute the mechanisms that can explain linearization, increasing 
complexity or collapse of societies. The interactions between the altepetl and its agency 
capability are studied from the perspective of complexity theories to understand the 
relationships between neighboring entities. The study seeks to demonstrate the fractal 
properties of the structure and dynamics of Mesoamerican groups, based on the iteration 
principle of the generator component: the altepetl.

Keywords: altepetl, agency, complex systems, interaction

1. Introduction

The historical reconstruction of pre-Hispanic civilizations of Mexico has been undertaken 
from a traditional point of view, building on the western concept of “City.” Associated with 
this approach is a linear perspective of history that emphasizes the origin of civilization, its 
climax, and its collapse, forming a path that resembles a Gaussian function. Civilization and 
complex societies, the city that characterized them and their collapse have been considered as 
a unique historical event.

© 2017 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.



Pre-Hispanic history of Mesoamerica was characterized by the civilizing and cultural climax 
of the Classic Horizon, and its catastrophic collapse was an enigma that archaeology tried to 
solve. The terms “Maya collapse” or “end of the Classic Horizon” allude to the idea that for 
the whole of the cultural area, climax occurred between 400 and 800 AD and that the cultures 
that the Spanish conquerors observed 700 years later were the decadent remains of great civi-
lizations (Figure 1).

The representation of this linear process does not allow to observe the fractal properties of the 
evolution of pre-Hispanic cultures; it is seen as having an integer dimension, and not a fractional 
one. However, for example, from an epigraphic and ethnohistorical exploration, Joyce Marcus 
has observed that this view was incorrect and that the pre-Hispanic history of the Mayas was 
characterized by permanent fluctuations; small and big collapses could be observed, some local 
and other of a regional scale. Her perspective was based on two processes: linearization and seg-
regation, that is, the alliances and ruptures that characterized the social dynamics of the Maya [1].

López Aguilar and Bali analyzed the fluctuations and instabilities inherent to the evolution 
of pre-Hispanic societies. They included in their study three variables obtained from avail-
able archaeological information: maximum extent of the territory of a system, the size of the 
capital, and the hierarchical levels of the subordinated settlements. The hierarchical levels 
considered what some scholars have called altepetl, the City-State, as a minimum unit of anal-
ysis that generates increasing complexity by the reiteration of the hierarchical structure of 
Mesoamerican societies. This study identified three divergent and intertwined trajectories: 
stable, unstable, and semi-stable [2].

Figure 1. Traditional evolutionary path of Mesoamerican civilizations.
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Criss-cross oscillations of the three trajectories—between the lower limit defined by the struc-
ture of the altepetl, below which the Mesoamerican system would collapse, and the upper 
limit being the maximum structural complexity attained, over which the system would trans-
form—characterize the fluctuating order of the Mesoamerican attractor with a history of 30 
centuries, from its origin around 1500 BC to the sixteenth century AD. In Figure 2, the begin-
ning of a “turbulence” lasting for 500 years can be observed. The turbulence was resolved by 
an increasing hierarchy (linearization) of the systems depicted in the Central and Southern 
trajectories.

The collapse of these two systems resulted in a small fluctuation that started around 650 
AD and it gave place to a plateau-type stability phenomenon that collapsed with the expan-
sion and linearization of the Central trajectory in the sixteenth century. The hypothesis that 
guided this research was that fluctuations of social systems of pre-Hispanic Mesoamerica 
had self-similar fractal properties based on the reiteration of a basic generating unit: the 
altepetl. The repetition of processes added or eliminated levels of hierarchical control in a 
non-lineal manner.

2. The altepetl

Altepetl was the term with which the pre-Hispanic Mesoamerican groups referred to the peo-
ple, their government, their space, their territory, and their time. The nahuatl term in atl in 
tepetl has equivalents in all the indigenous languages and can be translated as “in the water in 
the hill”: the concept refers to a mountain located in a place where there is water, both with a 
sacred character. As a metaphor, the term includes territory, time, space, social organization, 
the form of government, the sacred, and the profane.

Figure 2. Mesoamerican trajectories.

The Altepetl: Fractal Modeling of a Pre-Hispanic Human Agency
http://dx.doi.org/10.5772/intechopen.68190

133



The discussion of the fruitfulness of this ethno-category for the comprehension of the Mesoa-
merican indigenous world is beyond the scope of this work. The intention here is to start a 
modeling process of Mesoamerican dynamics that builds on a symbiosis of the ethno-category 
with models, concepts, and metaphors taken from complexity sciences and fractals as families 
of models [3], inspired by auto-organized criticality research [4] and complex agents [5].

The altepetl has been studied by ethnohistorians for a number of years [6–9] and at present it 
is considered to have a greater explanatory potential than concepts developed elsewhere such 
as that of “City-State.”

To date, the exact configuration of the structure of the altepetl is unknown. Based on anthro-
pological models, Paul Kirchhoff noted that it could be a recursive system of a structure of 
hierarchical lineages that had called the attention of anthropologists for some time: the conical 
clan. In it, social hierarchy was based on the proximity by kinship to the common ancestor or the 
founder of the lineage, and its growth was nurtured by marriage alliances. In classic anthropol-
ogy, the clan system corresponds to social hierarchization that precedes state structures [10, 11]. 
This type of social organization could have existed around 2000 BC in the Mesoamerican farm-
ing communities that gave place to the first altepeme1 around the sixth century BC.

With time, the pre-Hispanic interaction system started a long and irreversible fragmenta-
tion process, indicating that the Mesoamerican attractor no longer existed. In the sixteenth 
century AD, with Spanish conquest and the insertion of America in the capitalist world-
system, the long history of fluctuations of the indigenous social organization was shat-
tered, which gave place to an a synchronic pulverization of the altepeme subsequent to the 
segregation of its structural components: lineages and the seminal structure of the conical 
clan [12, 13].

Gradually, the mechanisms of linearization and segregation were lost, the scope of action and 
control of indigenous rulers was reduced as a consequence of territorial conflicts generated 
by the Spanish and mestizo invasion of the space of the altepetl and by the emergence of new 
organizations of the Indian peoples and communities between the eighteenth and twentieth 
centuries structured along the lines of the Spanish model of town council (Cabildo).

However, the segregation and fragmentation of the territory of the altepetl of Ixmiquilpan, for 
example, show self-similar, recursive, and fractal processes: the number of segregated towns, 
the extension of their territories, the size of their borders, and the fractal dimension of the lat-
ter are a function of time. The process is isomorphic with respect to the reduction of the fractal 
dimension of the Sierpinsky carpet [14, p. 154].

Bounded in the time and space of the Mesoamerican attractor, the dynamics of growth and 
collapse of pre-Hispanic cultures was based on a system of alliances and conquests, of segre-
gations and independences. Alliances permitted the aggregation of similar structures to the 
body of the altepetl until it reached the form of a great confederation, like the insights Lewis 

1Altepeme is the plural of altepetl. 
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H. Morgan had since the nineteenth century of the Iroquois and Aztec confederations [15]. 
Alliances allowed the system to increase complexity and hierarchy within a structure that has 
been proposed as self-similar to the fundamental entity.

The reiteration of the altepetl on itself reached a complexity comparable to that of the great 
cities and empires. In ancient Mesoamerica, these had the ambiguous appellation of huey alte-
petl, the great altepetl. Equally, independence and segregation of components could take place, 
producing significant changes in the organizational structure of the altepetl. Fragmentation 
could even reach the level of the rudimentary generating unit.

The basic structure of government entailed at least three discernible hierarchical posts: the tla-
toani, the tecuhtli, and the mayor, which were associated with the same number of hierarchical 
levels of settlements: the capital, the subordinated village, and the neighborhood or extended 
family house (calli). This arrangement is not necessarily linear. Joyce Marcus proposes four 
levels for Maya settlements, from first level villages to hamlets [1, p. 314], but it seems that at 
the base of this hierarchical, rotating, and non-linear system, a structure like the conical clan 
could be found in the hamlets.

In the conical clan, social organization and economy were beyond the level of an equalitar-
ian community. Even if production was based on domestic units, the population had to col-
laborate in the construction of extensive works, like temples or palaces, and products and 
services were exacted for the purposes of the clan, the deities or for the hierarchy of the rul-
ers [11, pp. 45–46]. This system was repeated in the neighborhoods, the hamlets, the capital, 
in the altepetl, in the huey altepetl, increasing the number of participants and the structure of 
the organization.

This basic structure repeated itself by means of alliances of different types, especially through 
marriage bonds (a higher level altepetl or lineage offered a noble woman in marriage to a 
lower level altepetl or lineage, or vice versa), increasing hierarchies and territorial control until 
reaching the ambiguous maximum of the huey altepetl. Alliances and confederations allowed 
the evolution of systems of cumulative complexity.

In the opposite direction, one or several altepeme could segregate from the larger entity and 
forge their autonomy. The segregated units increased their hierarchy in circumscribed territo-
rial domains, while the larger system reduced its size and territory. These dynamics, when 
present in an accelerated fashion in short periods, like an avalanche, is a collapse. The reitera-
tion of these processes—the diffusion and propagation of decisions—resulted in altepeme of 
different levels of hierarchy and territorial extension or the pulverization and the return to the 
minimum unit of the system: the altepetl [16, pp. 40–41].

The altepetl is a complex autonomous agent, since the decisions it makes while acting on 
its environment can intensify unsuspected evolutionary capacities that can manifest as an 
increase in hierarchy and social complexity, as an indifferent response, or as a transit toward 
lower levels of organization or to collapse or extinction.
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In the environment of each altepetl, there are other altepetl that react to the actions and deci-
sions of their near and far neighbors, with which they compete or collaborate to obtain the 
maximum benefit. The result of the actions and interactions is unforeseeable but, as in an 
interrelated system, the altepeme co-evolve, they are co-dependent one from the other and, in 
the network of local relations and practices, at times they win, at times they lose.

The altepetl is an agent that has action capability: it has reasons; it strives to concur in what 
it can do and what it knows with its peers, other altepeme. The decisions can take the form of 
cooperation, competition or rivalry, that is, alliances, confederations, segregations, or warfare. 
The aggregate of interactions between the agents can produce greater social and political 
hierarchy or collapse, the possibility to acquire prestige goods or consumption restricted to 
local goods [16].

Minor autonomous or subordinate entities (lineages, altepeme) tend to show a layout like that 
of the major entity due to integration and greater social hierarchies, which, in turn, results 
in complex cohesive and durable units. The complex autonomous human agent altepetl is a 
reproducing system based on the structure of lineages of the conical clan.

As corporative systems, in the lineage, in the conical clan, and in the altepetl, the action capac-
ity resides in the head of the hierarchies, in the rulers, who spoke for the people. Collectively 
or individually, the ruler’s decision was reflected in the action of the altepetl. Consequently, 
the dynamics of the altepetl reflects circumstances, intentions, reasons, deliberation, volun-
tary or involuntary motions, passivity, coercion or expected results, conformed in an open 
network of inter-signification, where each action has significant repercussions on all the 
network [17].

The agent’s action has a cultural horizon that establishes the limits and conditions of knowl-
edge, of know-how, and of awareness of problems, dilemmas, solutions, and strategies to fol-
low. What is not in the framework of their traditions, their knowledge, and of their historically 
determined cultural horizon cannot be done, thought, practiced, or even imagined [16, pp. 
21–32].

Dynamics and fluctuations of Mesoamerican systems can be modeled by a space where 
N elementary agents (lineages) have K interactions with their peers. The dynamics of this 
NK space result in the emergence of an agent of a higher degree of complexity: the altepetl. 
The latter also interacts with peers in an NK1 space originating an even higher degree of 
complexity, the hueyaltepetl. In turn, the interactions of this agent with the ensemble of 
its peers in an NK2 space increase complexity until a limit in which the system collapses 
(Figure 3).

Collapses were a historical possibility in any moment of the evolution of the system in the NK-
dimensional space of the Mesoamerican interactions. It could have a local and restricted 
character, or take the form of a global and generalized avalanche as is shown by the scheme 
elaborated by Joyce Marcus for the Maya area [1, pp. 322, Figure 11] (Figure 4). This was the 
stable form of Mesoamerican fluctuations that were present throughout their history.
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Figure 3. Space of interaction among agents and self-similar hierarchy.

Figure 4. Oscillations of Maya collapses, taken from Ref. [1, p. 322, Figure 11].
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3. Conclusions

One of the dilemmas faced by the fractal modeling of Mesoamerican pre-Hispanic societies is 
that the history and the evolutionary path of these cultures have been undertaken from a per-
spective that does not contemplate oscillations and fluctuations that characterize a dynamical 
complex system.

In this long-term research, we analyze the self-similar fractal properties that occur in systems 
that emerge from the NK space of interactions of the altepetl as a human agent.

The NK interactions of the altepetl can be considered as an example of what Kauffman called 
the NK landscapes that are based on the interconnections between agents: the actions of an 
agent are dependent on the actions of other agents.

Interconnections between agents are the basis of Kauffman’s model, in which a network of N 
agents is constructed such that each is randomly connected to K others. The interactions between 
each agent and its K neighbors can be cooperative, competitive, or a mixture of both. Now, instead 
of all agents reacting to a few environmental variables, each agent reacts to the actions of the K 
other agents in its communication network. Each agent, therefore, has a unique set of conditions 
governing its behavior. Optimal strategies in the present moment may not be what they were 
before, because they depend on the previous actions of other agents. This result is a “Red Queen” 
effect, in that agents are forced to keep evolving (i.e., searching the fitness landscape) toward 
higher fitness peaks just to stay competitive [18, p. 13].

Kauffman’s model [19] establishes that interactions among agents depend on the value of the 
interconnections among them and that they react differently when they have a moderate con-
nection than when they are completely interconnected. In the first case, they can adapt easily 
and make small adjustments in their strategies to avoid greater risks, while in the other case, 
each agent has so many unfavorable interconnections that the favorable ones do not seem to 
exist, and the quest toward a decision is not better than chance [18, p. 13].

Kauffman’s model was used by Kohler to analyze the Plaza people that occupied the Pajarito 
plateau in New Mexico toward the thirteenth century AD. Kohler focused principally on the 
interaction between households (N) and observed that their number increased while their 
interconnections (K) practically remained constant [20, p. 381].

When the NK interactions of the altepetl are considered in the long run, they result not only in the 
existence of closer interactions but also in closer organizational altepeme, and therefore a superior 
entity is formed—the huey altepetl— that maintains lower-level interconnections and reiterates 
them with neighboring huey altepeme, forming an NK space self-similar to that of the altepetl.

This characteristic was repeated until a configuration of higher hierarchy and control entities 
were established. In the case of Teotihuacan, up to seven hierarchical levels above the altepetl 
can be distinguished. In a self-similar fashion, they repeated the NK interactions with their 
close neighbors. We can put forth the hypothesis that when these interconnections reached a 
limit, a critical state was reached without the interference of external agents. Small local col-
lapses ensued and, eventually, the massive cultural collapses.
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The Mesoamerican attractor, characterized by three intertwined trajectories of stability, insta-
bility, and semi-stability, included the fractal self-similarity of the interaction among agents 
that formed its cultures, with independence of the scale of hierarchical complexity of the 
system.
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Abstract

A fractal is in essence a hierarchy with cascade structure, which can be described with a
set of exponential functions. From these exponential functions, a set of power laws
indicative of scaling can be derived. Hierarchy structure and spatial network proved to
be associated with one another. This paper is devoted to exploring the theory of fractal
analysis of complex systems by means of hierarchical scaling. Two research methods are
utilized to make this study, including logic analysis method and empirical analysis
method. The main results are as follows. First, a fractal system such as Cantor set is
described from the hierarchical angle of view; based on hierarchical structure, three
approaches are proposed to estimate fractal dimension. Second, the hierarchical scaling
can be generalized to describe multifractals, fractal complementary sets, and self-similar
curve such as logarithmic spiral. Third, complex systems such as urban systems are
demonstrated to be a self-similar hierarchy. The human settlements in Germany and
the population of different languages in the world are taken as two examples to conduct
empirical analyses. This study may reveal the association of fractal analysis with other
types of scaling analysis of complex systems, and spatial optimization theory may be
developed in future by combining the theories of fractals, allometry, and hierarchy.

Keywords: fractal, multifractals, hierarchical scaling, rank-size rule, systems of human
settlements, language

1. Introduction

In recent years, the hierarchical systems with cascade structure have attracted attention of
many scientists. Representing a form of organization of complex systems, hierarchy is fre-
quently observed within the natural world and in social institutions [1]. A fractal can be treated

© 2017 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.



as a self-similar hierarchy because a fractal object bears many levels, which are systematically
arranged according to scaling laws [2, 3�5]. Fractal phenomena can be described with power
laws, and a power law can be decomposed into two exponential laws by means of hierarchical
structure. Generally speaking, it is difficult to solve an equation based on power laws or spatial
network because of dimensional problems, but it is easy to deal with the problem based on
exponential models or hierarchies. Using self-similar hierarchy, we can transform fractal scal-
ing into a hierarchical scaling with characteristic scales, thus many complex problems can be
solved in a simple way. If we explore fractal systems such as a system of cities by means of
hierarchy, we can use a pair of exponential laws to replace a power law, and the analytical
process can be significantly simplified [6, 7]. A fractal is a special case of hierarchical scaling.
Hierarchy suggests a new way for understanding fractal organization and exploring complex
systems.

In scientific research, three factors increase the difficulty of mathematical modeling, that is,
spatial dimension, time lag (response delay), and interaction. Economics is relatively simple
because economists do not usually consider much the spatial dimension in economic sys-
tems [8]. However, all the difficult problems related to mathematical modeling, especially the
spatial dimension, are encountered by geographers. If the spatial dimension is avoided, geog-
raphy is not yet real geography. Geographers often study spatial structure by means of
hierarchy. A discovery is that hierarchy and network structure represent two different sides of
the same coin [2]. Two typical hierarchy theories are developed in human geography. One is
central place theory [9, 10], and the other is rank-size distributions [11, 12]. The two theories
are related to fractal ideas [2, 13�16]. Fractal theory, scaling concepts, and the related methods
become much more important in geographical analysis such as urban studies [3]. As Batty
(2008) once observed [17], “an integrated theory of how cities evolve, linking urban economics and
transportation behavior to developments in network science, allometric growth, and fractal geometry, is
being slowly developed.” In fact, fractals, allometry, and complex network can be associated with
one another in virtue of hierarchical scaling.

Hierarchical scaling suggests a new perspective to examine the simple rules hiding behind the
complex systems. Many types of physical and social phenomena satisfy the well-known rank-
size distribution and thus follow Zipf’s law [7, 11, 18]. Today, Zipf’s law has been used to
describe the discrete power law probability distributions in various natural and human sys-
tems [3, 19]. However, despite a large amount of research, the underlying rationale of the Zipf
distribution is not yet very clear. On the other hand, many types of data associated with Zipf’s
law in the physical and social sciences can be arranged in good order to form a hierarchy with
cascade structure. There are lots of evidences showing that the Zipf distribution is inherently
related to the self-similar hierarchical structure, but the profound mystery has not yet to be
unraveled for our understanding of natural laws. The Zipf distribution is associated with
fractal structure and bears an analogy with the 1/f fluctuation [6]. Fractals, 1/f noise, and the
Zipf distribution represent the observation of the ubiquitous empirical patterns in nature [19].
This article provides scientists with a new way of looking at the relations between these
ubiquitous empirical patterns and the complex evolution processes in physical and social
systems, and thus to understand how nature works.
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A scientific research actually includes two elements of methodology, namely description and
understanding. Science should proceed first by describing how a system works and then by
understanding why [20]. The description process is by means of mathematics and measure-
ment, while the understanding process is by means of observation, experience, or even
artificially constructed experiments [21]. This work is devoted to exploring fractal modeling
and spatial analysis based on hierarchy with cascade structure. First of all, we try to describe
and understand hierarchy itself; later, we try to use hierarchical scaling to describe and
understand complex systems. Two research methods are utilized in this works. One is logic
analysis method, including induction method and deduction method, and the other is empirical
analysis method, fitting the mathematical models to observational data. The induction method
is based on various regular fractals such as Cantor set, Koch snowflake curve, Vicsek box,
and Sierpinski gasket, while the deduction method is mainly based on mathematical deriva-
tion. As for empirical analysis, systems of cities and population size distribution of languages
can be taken as examples. Anyway, the success of natural sciences lies in their great emphasis
on the interplay between quantifiable data and models [22]. The rest of the parts are orga-
nized as follows. In Section 2, a set of hierarchical models of fractals, including monofractals
and multifractals, are presented. In Section 3, case studies are made by means of German
systems of human settlements and world population size of different languages. In Section 4,
several questions are discussed, and the hierarchical-scaling modeling is generalized. Finally,
the discussion is concluded by summarizing the main points of this work.

2. Models

2.1. Three approaches to estimating fractal dimension

A regular fractal is a typical hierarchy with cascade structure. Let’s take the well-known
Cantor set as an example to show how to describe the hierarchical structure and how to
calculate its fractal dimension (Figure 1). We can use two measurements, the length (L) and
number (N) of fractal copies in themth class, to characterize the self-similar hierarchy. Thus, we
have two exponential functions such as

Figure 1. The Cantor set as a self-similar hierarchy with cascade structure (the first four classes). [Note: An analogy can
be drawn between the Cantor sets and self-hierarchies of human settlements. For the multifractal Cantor set, the length of
each level is the average value.]
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Nm ¼ N1rm�1
n ¼ N1

rn
eðlnrnÞm ¼ N0eωm; ð1Þ

Lm ¼ L1r1�m
l ¼ L1rle�ðlnrlÞm ¼ L0e�ψm; ð2Þ

where m denotes the ordinal number of class (m ¼ 1, 2, …), Nm is the number of the fractal
copies of a given length, Lm is the length of the fractal copies in the mth class, N1 and L1 are the
number and length of the initiator (N1 ¼ 1), respectively, rn and rl are the number ratio and
length ratio of fractal copies, N0 ¼ N1/rn, L0 ¼ L1rl, ω ¼ ln(rn), ψ ¼ ln(rl). From Eqs. (1) and (2),
it follows the common ratios of number and length, that is

rn ¼ N1rmn
N1rm�1

n
¼ Nmþ1

Nm
; ð3Þ

rl ¼ L1r1�m
l

L1r�m
l

¼ Lm
Lmþ1

: ð4Þ

According to the definitions of ω and ψ, the logarithms of Eqs. (3) and (4) are

ω ¼ lnðrnÞ ¼ ln
Nmþ1

Nm

� �
; ð5Þ

Ψ ¼ lnðrlÞ ¼ ln
Lm
Lmþ1

� �
: ð6Þ

From Eqs. (1) and (2), we can derive a power law in the form

Nm ¼ kL�D
m ; ð7Þ

in which k ¼ N1L1
D is the proportionality coefficient, and D ¼ ln(rn)/ln(rl) is the fractal

dimension of the Cantor set (k ¼ 1). Thus, three formulae of fractal dimension estimation can
be obtained. Based on the power law, the fractal dimension can be expressed as

D ¼ � lnðNmÞ
lnðLmÞ : ð8Þ

Based on the exponential models, the fractal dimension is

D ¼ ω
Ψ

: ð9Þ

Based on the common ratios, the fractal dimension is

D ¼ lnrn
lnrl

: ð10Þ

In theory, Eqs. (8)–(10) are equivalent to one another. Actually, by recurrence, Eq. (7) can be
rewritten as Nmþ1 ¼ Lmþ1

�D, and thus we have
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Nmþ1

Nm
¼ Lmþ1

Lm

� ��D

; ð11Þ

Taking logarithms on both sides of Eq. (11) yields

D ¼ � lnðNmþ1=NmÞ
lnðLmþ1=LmÞ ¼ � lnðNmÞ

lnðLmÞ ¼ lnrn
lnrl

¼ ω
Ψ

: ð12Þ

For the Cantor set, Nm¼ 2m�1, Lm¼ 1/3m�1, rn¼ Nmþ1/Nm¼ 2, rl¼ Lm/Lmþ1 ¼ 3, ω ¼ ln(2), ψ ¼ ln
(3), thus we have

D ¼ lnð2Þ
lnð3Þ ≈ 0:631:

This suggests that, for the regular fractal hierarchy, three approaches lead to the same result.
The fractal dimension can be computed by using exponential functions, power function, or
common ratios, and all these values are equal to one another. However, in practice, there are
subtle differences between the results from different approaches because of random noise in
observational data. Certainly, the differences are not significant and thus can be negligible.

The mathematical description and fractal dimension calculation of the Cantor set can be
generalized to other regular fractals such as Koch snowflake and Sierpinski gasket or even to
the route from bifurcation to chaos. As a simple fractal, the Cantor set fails to follow the rank-
size law. However, if we substitute the multifractal structure for the monofractal structure, the
multiscaling Cantor set will comply with the rank-size rule empirically.

2.2. Multifractal characterization of hierarchies

Monofractals (unifractals) represent the scale-free systems of homogeneity, while multifractals
represent the scale-free systems of heterogeneity. In fact, as Stanley and Meakin (1988) [23]
pointed out, “multifractal scaling provides a quantitative description of a broad range of heterogeneous
phenomena.” In geography, multifractal geometry is a powerful tool for describing spatial
heterogeneity. A multifractal hierarchy of Cantor set can be organized as follows. At the first
level, the initiator is still a straight line segment of unit length, that is, S1¼ L1¼ 1. At the second
level, the generator includes two straight line segments of different lengths. The length of one
segment is a, and the other segment’s length is b. Let a ¼ 3/8, b ¼ 2/3�a ¼ 7/24. The summation
of the two line segments’ length is 2/3, that is, S2 ¼ aþb¼ 2/3, and the average length of the two
segments is L2 ¼ S2/2 ¼ 1/3. At the third level, there are four line segments, and the lengths are
a2, ab, ba, and b2, respectively. The total length of the four line segments is 4/9, namely S3 ¼
(aþb)2 ¼ (2/3)2, and the average length is L3 ¼ S3/4 ¼ 1/32. Generally speaking, the mth level
consists of 2m�1 line segments with lengths of am�1, am�2b, am�3b2, …, a2bm�3, abm�2, and bm�1,
respectively. The length summation is Sm¼ (aþb)m�1 ¼ (2/3)m�1, so the average length is

Lm ¼ ðaþ bÞm�1

Nm
¼ 31�m; ð13Þ
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where

Nm ¼ 2m�1: ð14Þ

From Eqs. (13) and (14), it follows a scaling relation as below:

Nm ¼ L�lnð2Þ=lnð3Þ
m ¼ μL�D0

m ; ð15Þ

which is identical in form to Eq. (7), and the capacity dimension D0 ¼ ln(2)/ln(3) ≈ 0.631 is
equal to the fractal dimension of the monofractal Cantor set (Figure 1).

Two sets of parameters are always employed to characterize a multifractal system. One is the
set of global parameters, and the other is the set of local parameters. The global parameters
include the generalized correlation dimension and the mass exponent; the local parameters
comprise the Lipschitz-Hölder exponent and the fractal dimension of the set supporting this
exponent. For the two-scale Cantor set, the mass exponent is

τðqÞ ¼ � ln½pq þ ð1� pÞq�
lnð3Þ ; ð16Þ

where q denotes the moment order (�∞ < q < ∞), τ(q) refers to the mass exponent, and p is a
probability measurement. Taking the derivative of Eq. (16) with respect to q yields the
Lipschitz-Hölder exponent of singularity in the form

αðqÞ ¼ dτðqÞ
dq

¼ � 1
lnð3Þ

pqlnpþ ð1� pÞqlnð1� pÞ
pq þ ð1� pÞq ; ð17Þ

in which α(q) refers to the singularity exponent. Utilizing the Legendre transform, we can
derive the fractal dimension of the subsets supporting the exponent of singularity such as

f ðαÞ ¼ qαðqÞ � τðqÞ ¼ 1
lnð3Þ ln pq þ ð1� pÞq½ � � pqlnpq þ ð1� pÞqlnð1� pÞq

pq þ ð1� pÞq
� �

; ð18Þ

where f(α) denotes the local dimension of the multifractal set. Furthermore, the general fractal
dimension spectrum can be given in the following form:

Dq ¼
� plnpþ ð1� pÞlnð1� pÞ

lnð3Þ , q ¼ 1

τðqÞ
q� 1

, q 6¼ 1
;

8>>><
>>>:

ð19Þ

where Dq denotes the generalized correlation dimension. If the order moment q6¼1, the general
dimension can also be expressed as

Dq ¼ 1
q� 1

½qαðqÞ � f ðαÞ�: ð20Þ
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Using the above equations, we can describe multifractal Cantor set. For example, if the length
of one line segment in the generator is a ¼ 3/8 as assumed, then the length of another line
segment is b ¼ 7/24. Accordingly, the probability measures are p ¼ a/(2/3) ¼ 9/16 and 1�p ¼ 7/
16. By means of these formulae, the multifractal dimension spectra and the related curves can
be displayed in Figures 2 and 3. The capacity dimension is D0 ≈ 0.631, the information
dimension is D1 ≈ 0.624, and the correlation dimension is D2 ≈ 0.617. Substituting ln(2) for ln
(3) in the equations shown above, we can use the multifractal models of Cantor set to describe
multiscaling rank-size distribution of cities [6, 24].

2.3. Hierarchical scaling in social systems

Fractal hierarchical scaling can be generalized to model general hierarchical systems with
cascade structure. Suppose the elements (e.g., cities) in a large-scale system (e.g., a regional
system) are divided into M levels in the top-down order. We can describe the hierarchical
structure using a set of exponential functions as follows:

Nm ¼ N1rm�1
f ; ð21Þ

Pm ¼ P1r1�m
p ; ð22Þ

Am ¼ A1r1�m
a : ð23Þ

Figure 2. The dimension spectrums of multifractals Cantor set and the curves of related parameters (p ¼ 9/16).

Fractal Analysis Based on Hierarchical Scaling in Complex Systems
http://dx.doi.org/10.5772/intechopen.68424

147



where m denotes the top-down order (m ¼ 1, 2, … M), Nm represents the element number in a
given order, rn¼ Nmþ1/Nm is actually the number ratio, N1 is the number of the top-order
elements. Generally speaking, we haveN1 ¼ 1; Pm represents the mean size of order m, rp¼ Pm/
Pmþ1 is the element size ratio of adjacent levels, P1 is the mean size of the first-order elements,
that is, the largest ones; Am is the average area of order m, ra¼ Am/Amþ1 is the area ratio, and A1

is the area of the first order. Rearranging Eq. (22) yields rp
m�1 ¼ P1/Pm, then taking logarithm to

the base rn of this equation and substituting the result into Eq. (21) yield a power function as

Nm ¼ μP�D
m ; ð24Þ

where μ ¼ N1P1
D, D ¼ ln(rn)/ln(rp). Eq. (24) is hereafter referred to as the “size -number law,”

and D proved to be the fractal para dimension of self-similar hierarchies measured by city
population size. Similarly, from Eqs. (21) and (23), it follows

Nm ¼ ηA�d
m ; ð25Þ

in which η ¼ N1A1
d, d ¼ ln(rn)/ln(ra). Eq. (25) is what is “area-number law,” and d is the fractal

para dimension of self-similar hierarchies measured by urban area. Finally, we can derive the
hierarchical allometric-scaling relationships between area and size from Eqs. (22) and (23), or
from Eqs. (24) and (25), and the result is

Am ¼ aPb
m; ð26Þ

where a ¼ A1P1
�b, b ¼ lnra/lnrp. This is just the generalized allometric growth law on the area-

size relations. Further, a three-parameter Zipf-type model on size distribution can be derived
from Eqs. (1) and (2) such as

Figure 3. The f(α) curves of the local dimension versus the singularity exponent.
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Pk ¼ Cðkþ ςÞ�α; ð27Þ

where k is the rank among all elements in a given system in decreasing order of size, Pk is the
size of the kth element. As the parameters, we have the constant of proportionality C ¼ P1[rn/
(rn�1)]1/D, the small parameter ς ¼ 1/(rn�1), and the power α ¼ 1/D ¼ lnrp/lnrf. Where P1 is the
size of the largest element, q proved to be the reciprocal of the fractal dimension D of city-size
distribution or urban hierarchies, that is, α ¼ 1/D [7]. By analogy, we can derive a three-
parameter Zipf-type model on area distribution from Eqs. (1) and (3), that is

Ak ¼ Gðkþ ζÞ�β; ð28Þ

where G, ζ, and β are parameters. In theory, β ¼ 1/d. From Eqs. (27) and (28), it follows

Pk

C

� ��1=α

� ς ¼ Ak

G

� ��1=β

� ζ; ð29Þ

which suggests an approximate allometric relation. If ζ ¼ ς, then we can derive a cross-
sectional allometry relation between size and area from Eqs. (27) and (28) as below

Ak ¼ aPb
k; ð30Þ

where a ¼ A1P1
�b, b ¼ β/α. Eq. (30) is mathematically equivalent to Eq. (26), that is, the rank-

size allometric scaling is equivalent to hierarchical allometric scaling in theory. Further, if ζ ¼ ς
¼ 0, then Eqs. (27) and (28) will be reduced to the common two-parameter Zipf’s models [3].
The fractal models (principal scaling laws), allometric model (the law of allometric growth),
and rank-size distribution model (Zipf’s law) are three basic scaling laws of hierarchical
systems such as cities, and all the scaling relations can be derived from the hierarchical models
expressed by exponential functions.

3. Empirical analysis

3.1. A case of Germany “natural cities”

3.1.1. Materials and data

First of all, the hierarchy of German cities is employed to illustrate hierarchical-scaling method.
Recently, Bin Jiang and his coworkers have proposed a concept of “natural city” and devel-
oped a novel approach to measure objective city sizes based on street nodes or blocks and thus
urban boundaries can be naturally identified [18, 25]. The street nodes are defined as street
intersections and ends, while the naturally defined urban boundaries constitute the region of
what is called natural cities. The street nodes are significantly correlated with population of
cities as well as city areal extents. The city data are extracted from massive volunteered
geographic information OpenStreetMap databases through some data-intensive computing
processes and three data sets on European cities, including the cities of France, Germany, and
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the United Kingdom (UK), have been obtained. Among all these data sets, the set for German
is the largest one, which encompasses the 5160 natural cities. Therefore, German cities are
taken as an example to make empirical analysis. In the processing of data, the area variable is
divided by 10,000 for comparability.

3.1.2. Method and results

The analytical method is based on the theoretical models shown above. For the natural cities,
the population size measurement (P) should be replaced by the amount of blocks in the
physical areal extent (A), which can be treated as a new size measurement of cities. It is easy
to use German cities to construct a hierarchy to illustrate the equivalence relation between the
rank-size law and the hierarchical scaling. Empirically, the 5160 German cities and towns
follow the rank-size rule and we have

P̂k ¼ 160175:044k�1:051; ð31Þ

where k is the rank of natural cities, and Pk denotes the city size defined with urban blocks in
objective boundaries. The symbol “^” implies “estimated value,” “calculated value,” or
“predicted value.” The goodness of fit is about R2 ¼ 0.993, and the scaling exponent is around
q ¼ 1.051, as shown in the equation (Figure 4). The Zipf distribution suggests a hierarchical
scaling of the urban system.

Themodels of fractals andallometry canbebuilt forGermanhierarchies of cities as follows. Taking
number ratio rf¼ 2,we can group the cities into different classes according to the 2n rule [7, 26]. The
results, including city number (Nm), total amount of urbanblocks (Sm), average size byblocks (Pm),
total area (Tm), and average area (Am), in each class, are listed inTable 1. In a hierarchy, two classes,
that is, top class and bottom class, are always special and can be considered to be exceptional

Figure 4. The rank-size pattern of Germany cities by blocks within physical extent (2010).
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values (Figure 5). In fact, the power law relations always break down if the scale is too large or too
small [19]. Thus, a scaling range can be found in a log-log plot of fractal analysis on cities [3]. Two
hierarchical-scaling relations can be testified by the least-squares calculation. For common ratio
rn¼ 2, the hierarchical-scaling relation between city size and number is

N̂m ¼ 91161:315P�1:025
m : ð32Þ

The goodness of fit is about R2 ¼ 0.996, and the fractal dimension of the self-similar hierarchy
is D ≈ 1.025. The average size ratio within the scaling range is about rp¼ 1.942, which is very
close to rn¼ 2. Thus, another fractal dimension estimation is D ¼ ln(rn)/ln(rp) ≈ 1.045. The
average size follows the exponential law, that is, Pm¼ 133869.061*exp(�0.674m). So, the third
fractal dimension estimation is D ¼ ω/ψ ≈ 0.693/0.674 ≈ 1.028. All these results are based on the
scaling range rather than the whole classes. Similarly, the relation between urban area and city
number is as below

N̂m ¼ 162295:381A�1:060
m : ð33Þ

The goodness of fit is about R2 ¼ 0.998, and the fractal dimension of the self-similar hierarchy
is d ≈ 1.060. The average size ratio within the scaling range is about rp¼ 1.927. So, another
fractal dimension is estimated as d ¼ ln(rn)/ln(ra) ≈ 1.056. The average area complies with the
exponential law, namely Am¼ 157737.532*exp(�0.653m). Thereby, the third fractal dimension
is estimated as d ¼ ω/ψ ≈ 0.693/0.653 ≈ 1.061. Further, by means of the datasets of urban size
and area, an allometric-scaling model can be built as follows:

m Total block (Sm) Total area (Tm) Average size (Pm) Average area (Am) Number (Nm)

1 28,866 402657796.2 28866.0 402657796.2 1

2 50,709 731271674.1 25354.5 365635837.1 2

3 77,576 1030661786.8 19394.0 257665446.7 4

4 86,071 973558025.6 10758.9 121694753.2 8

5 82,700 999267240.9 5168.8 62454202.6 16

6 80,912 940916731.4 2528.5 29403647.9 32

7 72,397 986813213.3 1131.2 15418956.5 64

8 75,375 1070810188.5 588.9 8365704.6 128

9 79,299 1165806475.4 309.8 4553931.5 256

10 84,327 1271861134.1 164.7 2484103.8 512

11 84,599 1310854103.8 82.6 1280131.0 1024

12 75,214 1138100595.1 36.7 555713.2 2048

13 21,820 197476690.8 20.5 185424.1 1065*

Source: The original data come from Jiang (http://arxiv.org/find/all/). *Note: The last class of each hierarchy is a lame-duck
class termed by Davis (1978) [26].

Table 1. The size and number for the hierarchy of German cities based on the 2n principle.
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Âm ¼ 1:722P0:967
m : ð34Þ

The goodness of fit is around R2 ¼ 0.999, and the scaling exponent b ≈ 0.967 (Figure 6). Another
estimation of the allometric exponent is b ≈ 1.025/1.060 ≈ 0.967. The two results are close to one

Figure 5. The scaling relations between city numbers and average sizes/areas in the hierarchies of German cities by the
blocks in physical extent in 2010. [Note: The hollow squares represent the outliers, while the solid squares form a scaling
range. For simplicity, the urban area is rescaled by dividing it using 10,000.]
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another. The natural cities of Germany lend further support to the equivalent relationship
between the rank-size distribution and the self-similar hierarchy.

3.2. A case of language hierarchy in the world

The hierarchical scaling can be used to model the rank-size distribution of languages by
population. Where population size is concerned, there are 107 top languages in the world
such as Chinese, English, and Spanish. In data processing, the population size is rescaled by
dividing it with 1,000,000 for simplicity. Gleich et al. (2000) [27] gave a list of the 15
languages by number of native speakers (Table 2). The rank-size model of the 107 lan-
guages is as below:

P̂k ¼ 1092:160k�1:053; ð35Þ

where k refers to rank, and Pk to the population speaking the language ranked k, the goodness
of fit is about R2 ¼ 0.986 (Figure 7). The fractal dimension is estimated as D ≈ 0.949.

Using the hierarchical scaling, we can estimate the fractal dimension of the size distribution of
languages in the better way. According to the 2n rule, the 107 languages fall into eight classes
by size (Table 3). In the top level, one language, that is, Chinese, and the total of Chinese-
speaking population is 885 million; in the second level, two languages, English and Spanish,
with total population 654 million, and so on. The number ratio is defined as rn¼ 2. The
corresponding size ratio is around rp¼ 2.025. Thus, the fractal dimension can be estimated as
D ¼ ln(rn)/ln(rp) ¼ ln(2)/ln(2.025) ¼ 0.983, which is close to the reciprocal of Zipf exponent,

Figure 6. The allometric-scaling relations between average population sizes and urban areas in the hierarchies of Ger-
many cities in 2010. [Note: The hollow square represents the outlier, while the solid squares form a scaling range. For
comparability, the area measure is divided by 10,000.]
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0.949. A regression analysis yields a hierarchical-scaling relation between language number,
Nm, and average population size, Sm, such as

N̂m ¼ 723:421P�1:012
m : ð36Þ

The squared correlation coefficient is R2 ¼ 0.997, and the fractal dimension is about D ¼ 1.012,
which is close to the above-estimated value, 0.983 (Figure 8). The results suggest that the
languages by population and cities by population follow the same hierarchical-scaling laws.

Level Number Language and population Total population Average population Size ratio

1 1 Chinese 885 885 885

2 2 English 470 Spanish 332 802 401 2.207

3 4 Bengali 189 Portuguese 170 711 177.75 2.256

Indic 182 Russian 170

4 8 Japanese 125 Korean 75 657 82.125 2.164

German 98 French 72

Wu-Chinese 77 Vietnamese 68

Javanese 76 Telugu 66

Source: Ref. [27]. Note: If we use the lower limits of population size s1 ¼ 520, s2 ¼ 260, s3 ¼ 130, and s4 ¼ 65 to classify the
languages in the table, the corresponding number of languages is f1 ¼ 1, f2 ¼ 2, f3 ¼ 4, and f4 ¼ 8, and the scaling exponent
is just 1.
Unit: million.

Table 2. The self-similar hierarchy of the 15 top languages by population.

Figure 7. The rank-size pattern of the top 107 languages by population (Unit: million).
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4. Questions and discussion

4.1. Hierarchical scaling: a universal law

A complex system is always associated with hierarchy with cascade structure, which indicates
self-similarity. A self-similar hierarchy such as cities as systems and systems of cities can be
described with three types of scaling laws: fractal laws, allometric law, and Zipf’s law. These
scaling laws can be expressed from Eqs. (24) to (30). Hierarchical scaling is a universal law in
nature and human society, and it can be utilized to characterize many phenomena with
different levels. Besides fractals, it can be used to depict the routes from bifurcation to chaos [3].
In geomorphology, the hierarchical scaling has been employed to describe river systems [28�31].

Level (m) Total population (Sm) Number (Nm) Average size (Sm) Size ratio (rp)

1 885,000,000 1 885000000.0

2 654,000,000 2 327000000.0 2.706

3 711,000,000 4 177750000.0 1.840

4 656,687,800 8 82085975.0 2.165

5 751,058,000 16 46941125.0 1.749

6 668,446,000 32 20888937.5 2.247

7 433,020,412 44 9841373.0 2.123

Note: The source of the original data: http://www.nationmaster.com/. The number ratio is 2. The first class is exceptional,
and the last class is a lame-duck class, which is defined by Davis (1978) [26]. By the way, there is subtle difference of
English population between Tables 2 and 3, but this error does not influence the conclusions.

Table 3. The self-similar hierarchy of the 107 top languages by population size.

Figure 8. The hierarchical-scaling relationships between population size and number of languages (Unit: million). [Note:
The small circles represent top classes and the lame-duck classes, respectively. Removing the first and last classes yields a
scaling range. The slope based on the scaling range indicates the fractal parameters of rank-size distributions.]
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In geology and seismology, it is employed to describe the cascade structure of earthquake energy
distributions [32, 33]. In biology and anatomy, it is used to describe the geometrical morphology
of coronary arteries in human bodies and dogs [34�36]. In urban geography, it is used to
describe central place systems and self-organized network of cities [3, 7]. In short, where there
is a rank-size distribution, there is cascade structure, and where there is cascade structure, there
is hierarchical-scaling relations.

Next, hierarchical scaling is generalized to describe fractal complementary sets and quasi-
fractal structure, which represent two typical cases of hierarchical description besides fractals.
The basic property of fractals is self-similarity. For convenience of expression and reasoning,
the concept of self-similarity point should be defined. A fractal construction starts from an
initiator by way of generator. If a fractal’s generator has two parts indicative of two fractal
units, the fractal bears two self-similarity points; if a fractal’s generator has three parts, the
fractal possesses three self-similarity points, and so on. For example, Cantor set has two self-
similarity points, Sierpinski gasket has three self-similarity points, Koch curve has four self-
similarity points, and the box growing fractal has five self-similarity points. The number of
self-similarity points is equal to the number ratio, that is, the common ratio of fractal units at
different levels. A real fractal bears at least two self-similarity points, this suggests cross-
similarity of a fractal besides the self-similarity. Self-similarity indicates dilation symmetry,
where cross-similarity implies translation symmetry. However, if and only if a system pos-
sesses more than one self-similarity point, the system can be treated as a real fractal system,
and this system can be characterized by fractal geometry. A fractal bears both dilation and
translation symmetry. The systems with only one self-similarity point such as logarithmic
spiral can be described with hierarchical scaling. However, it cannot be characterized by fractal
geometry. In this case, we can supplement fractal analysis by means of hierarchical scaling.

4.2. Hierarchies of fractal complementary sets

A fractal set and its complementary set represent two different sides of the same coin. The
dimension of a fractal is always a fractional value, coming between the topological dimension
and the Euclidean dimension of its embedding space. Certainly, the similarity dimension is of
exception and may be greater than its embedding dimension. The dimension of the
corresponding complement, however, is equal to the Euclidean dimension of the embedding
space. Anyway, the Lebesgue measure of a fractal set is zero; by contrast, the Lebesgue
measure of the fractal complement is greater than zero. Let us see the following patterns.
Figure 9(a) shows the generator (i.e., the second step) of Vicsek’s growing fractal set [37],
which bears an analogy with urban growth; Figure 9(b) illustrates the complementary set of
the fractal set (the second step). It is easy to prove that the dimension of a fractal’s complement
is a Euclidean dimension. If we use box-counting method to measure the complement of a
fractal defined in a two-dimension space, the extreme of the nonempty box number is

Cm ¼ lim
m!∞

r2ðm�1Þ
l � rm�1

n

� �
! r2ðm�1Þ

l ; ð37Þ

where Cm denotes the nonempty box number for fractal complement, the rest notation is the
same as those in Eqs. (1) and (2). Thus, the dimension of the fractal complement set is
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d ¼ � lim
m!∞

lnCm

lnLm
¼ � lim

m!∞

ln r2ðm�1Þ
l � rm�1

n

� �

lnðr1�m
l Þ ! 2; ð38Þ

which is equal to the Euclidean dimension of the embedding space.

However, a fractal set and its complement are of unity of opposites. A thin fractal is character-
ized with the fractal parameter, and the value of a fractal dimension is determined by both the
fractal set and its complement. Without fractal dimension, we will know little about a fractal;
without fractal complement, a fractal will degenerate to a Euclidean geometrical object. This
suggests that the fractal dimension of a fractal can be inferred by its complement by means of
hierarchical scaling. For example, in fractal urban studies, an urban space includes two parts:
one is fractal set and the other fractal complement. If we define a fractal city in a two-dimen-
sional space, the form of urban growth can be represented by a built-up pattern, which
comprises varied patches in a digital map. Further, if we define an urban region using a circular
area or a square area, the blank space in the urban region can be treated as a fractal complement
of a city. Certainly, a self-organized system such as cities in the real world is more complicated
than the regular fractals in the mathematical world. The differences between fractal cities and
real fractals can be reflected by the models and parameters in the computational world.

A set of exponential functions and power laws can be employed to characterize the hierarchi-
cal structure of fractal complementary sets. Suppose the number of fractal units in a generator
is u, and the corresponding number of the complementary units in the generator is v. For
example, for Cantor set, u ¼ 2, v ¼ 1 (Figure 1); for Koch curve, u ¼ 4, v ¼ 1; for Sierpinski
gasket, u ¼ 3, v ¼ 1; for Vicsek fractal, u ¼ 5, v ¼ 4 (Figure 9); and so on. Thus, a fractal
complement can be described by a pair of exponential function as below:

Nm ¼ ν
u
rm�1
n ¼νrm�2

n ; ð39Þ

Lm ¼ L1r1�m
l ; ð40Þ

Figure 9. A schematic representation of fractal set and its complementary set (the second step). (a) Fractal set. (b) fractal
complement.
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where the parameter u ¼ rn. That is, the number of fractal units in the generator is equal to the
number ratio of the fractal hierarchy. Obviously, Eq. (39) is proportional to Eq. (1), while
Eq. (40) is identical to Eq. (2). From Eqs. (39) and (40), it follows

Nm ¼ cL�D
m ; ð41Þ

in which c ¼ (v/u)L1
D is the proportionality coefficient, and D ¼ ln(rn)/ln(rl) is the fractal

dimension. This suggests that we can estimate the dimension value of a fractal by means of
its complement. For a fractal defined in a two-dimensional embedding space, the dimension of
the complementary set is d ¼ 2. However, we can calculate the fractional dimension of the
fractal through the scaling exponent of the complement. For instance, the exponent of the
hierarchical-scaling relation between scale and number in different levels of the complement
of Sierpinski gasket is D ¼ ln(3)/ln(2) ¼ 1.585, which is just the fractal dimension of Sierpinski
gasket itself. The other fractals can be understood by analogy (Table 4).

Studies on fractal complement hierarchies are useful in urban and rural geography. In many
cases, special land uses such as vacant land, water areas, and green belts can be attributed to a
fractal complement rather than a fractal set [38]. However, this treatment is not necessary.
Sometimes, we specially evaluate the fractal parameter of vacant land, water areas, green belts,
and so on. In particular, the spatial state of a settlement may be reversed: the fractal structure
evolves into fractal complementary structure and vice versa. The concepts of fractals and fractal
complements can be employed to model the evolution process of a settlement. If a fractal
settlement is defined in a two-dimensional space, its fractal dimension comes between 0 and 2
[2, 4, 39]. According to the spatial state and fractal dimension, the settlement evolution can be
divided into four stages. The first stage is fractal growth. In this stage, the geographical space
is unstinted, and settlement growth bears a large degree of freedom. Typical phenomena are
the new villages and young cities. The second stage is space filling. In this stage, small fractal
clusters appear in the vacant places. Typical phenomena are the mature cities, towns, and
villages. The third stage is structural reverse. Settlement growth is a process of phase transi-
tion, which can be explained by space replacement dynamics. In this stage, the fractal structure
of a central part in the settlement is replaced by a fractal complementary structure. The space
dimension is near 2, which is a Euclidean dimension. Typical phenomena are the old cities,
towns, and villages. Gradually, the central part becomes aging, degenerate, and finally has to
be abandoned. Thus, the settlements become hollow cities or hollow villages, from which
inhabitants move away. The fourth stage is fractal regeneration. After a period of desolation,
the buffer space becomes large, and the central area is suitable for reconstruction. Thus, some
people try to settle there by rebuilding houses. In this stage, the fractal structure may become
more complex and should be characterized by multifractal parameters.

4.3. Logarithmic spiral and hierarchical scaling

The logarithmic spiral is also termed equiangular spiral or growth spiral, which is treated as a
self-similar spiral curve in the literature and is often associated with fractal such as the
Mandelbrot set. The logarithmic spiral was first described by René Descartes in 1638 and later
deeply researched by Jacob Bernoulli, who was so fascinated by the marvelous spiral that he
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wished it to be engraved on his tombstone. Hierarchical scaling can be employed to describe
logarithmic spiral. Where geometric form is concerned, a logarithmic spiral bears an analogy
with fractals, while where mathematical structure is concerned, the logarithmic spiral is simi-
lar to rank-size rule. Sometimes, the logarithmic spiral is treated as a fractal by scientists [40].
In fact, a logarithmic spiral is not a real fractal because it has only one self-similarity point. For

Level Cantor set Koch curve

Scale (Lm) Number (Nm) Scale (Lm) Number (Nm)

Fractal Complement Fractal Complement

1 1/30 20 (2�1) 1/30 40 (4�1)

2 1/31 21 20 1/31 41 40

3 1/32 22 21 1/32 42 41

4 1/33 23 22 1/33 43 42

5 1/34 24 23 1/34 44 43

6 1/35 25 24 1/35 45 44

7 1/36 26 25 1/36 46 45

8 1/37 27 26 1/37 47 46

9 1/38 28 27 1/38 48 47

10 1/39 29 28 1/39 49 48

Level Sierpinski gasket Vicsek snowflake

Scale (Lm) Number (Nm) Scale (Lm) Number (Nm)

Fractal Complement Fractal Complement

1 1/20 30 (3�1) 1/30 50 (4 � 5�1)

2 1/21 31 30 1/31 51 4 � 50

3 1/22 32 31 1/32 52 4 � 51

4 1/23 33 32 1/33 53 4 � 52

5 1/24 34 33 1/34 54 4 � 53

6 1/25 35 34 1/35 55 4 � 54

7 1/26 36 35 1/36 56 4 � 55

8 1/27 37 36 1/37 57 4 � 56

9 1/28 38 37 1/38 58 4 � 57

10 1/29 39 38 1/39 59 4 � 58

Table 4. The relationships and differences between hierarchies of fractal sets and corresponding hierarchies of
complementary sets (four typical examples).
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the section around the original point, the part of the logarithmic spiral is strictly similar to its
whole. However, there is only self-similarity but there is no cross-similarity (Figure 10).

Though a logarithmic spiral is not a fractal, this curve bears the similar mathematical model to
simple fractals. A logarithmic spiral can be expressed as below:

x ¼ aϕ sinθ ¼ sinθeðlnαÞϕ ¼ βeαϕ; ð42Þ

where x denotes the distance from the origin, φ is the angle from the abscissa axis, θ is a
constant, and α ¼ ln(a) and β ¼ sin(θ) are two parameters. Integrating x over ϕ yields

LðϕÞ ¼
ðmπ

0
xðϕÞdϕ ¼ β

ðmπ

0
eαϕdϕ ¼ β

α

ðmπ

0
eαϕdðαϕÞ ¼ β

α
½eαmπ � 1� ! ∞; ð43Þ

where L(φ) refers to a cumulative length. Thus, we have

LmðϕÞ ¼ β
ðmþ1

m
eαφdϕ ¼ β

α
½eαφ�mþ1

m ¼ β
α
ðeα � 1Þeαm ð44Þ

in which Lm(φ) denotes the length of the curve segment at the mth level. From Eqs. (42) and
(44), we can derive two common ratios

rl ¼ Lmþ1ðϕÞ
LmðϕÞ ¼ eα ð45Þ

rx ¼ xmþ1

xm
¼ βeαðmþ1Þ

βeαm
¼ eα: ð46Þ

Figure 10. A sketch map of spatial hierarchy for the logarithmic spiral based on the golden rectangle. [Note: Using
squares based on golden rectangles of different scales, we can derive a self-similar hierarchy for the logarithmic spiral,
from which we can find an allometric-scaling relation.]
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This suggests that the two common ratios are equal to one another, that is, rl¼ rx. From Eqs. (45)
and (46), we can derive an allometric-scaling relation such as

Lm ¼ κxbm; ð47Þ

whereκ refers to a proportionality coefficient, and b to the scaling exponent. The allometric-scaling
relation indicates a special geometricmeasure relation. In fact, the allometric-scaling exponent is

b ¼ ln rl
ln rx

¼ α
α
¼ 1: ð48Þ

This result suggests a special allometric relation between the two measurements of the loga-
rithmic spiral. The above mathematical process shows that the logarithmic spiral as a quasi-
fractal curve can be strictly described by hierarchical scaling.

In urban studies, the logarithmic spiral study is helpful for us to understand the central place
theory about human settlement systems and the rank-size distribution of cities. Central place
systems are composed of triangular lattice of points and regular hexagon area [9]. From the
regular hexagonal networks, we can derive logarithmic spiral [41]. On the other hand, the
mathematical models of hierarchical structure of the logarithmic spiral based on the systems of
golden rectangles are similar to the models of urban hierarchies based on the rank-size distri-
bution. The logarithmic spiral suggests a latent link between Zipf’s law indicating hierarchical
structure and Christaller’s central place models indicative of both spatial and hierarchical
structure. Maybe, we can find new spatial analytical approach or spatial optimization theory
by exploring the hierarchical scaling in the logarithmic spiral.

5. Conclusions

The conventional mathematical modeling is based on the idea of characteristic scales. If and
only if a characteristic length is found in a system, the system can be effectively described
with traditional mathematical methods. However, complex systems are principally scale-
free systems, and it is hard to find characteristic lengths from a complex system. Thus,
mathematical modeling is often ineffectual. Fractal geometry provides a powerful tool for
scaling analysis, which can be applied to exploring complexity associated with time lag,
spatial dimension, and interaction. However, any scientific method has its limitation. Fractal
description bears its sphere of application. In order to strengthen the function of fractal
analysis, hierarchical-scaling theory should be developed. Fractal analytical process can be
integrated into hierarchical-scaling analysis. In this work, three aspects of studies are
presented. First, hierarchical scaling is a simple approach to describing fractal structure. Fractal
scaling is used to be expressed with power laws. Based on hierarchical structure, a power
law can be transformed into a pair of exponential laws, and the analytical process is signif-
icantly simplified because the spatial dimensional problems can be avoided. Second, fractal
analysis can be generalized to quasi-fractal phenomena such as logarithmic spiral. A real fractal
possesses more than one self-similarity point, while logarithmic spiral has only one self-
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similarity point. Using hierarchical scaling, fractals and quasi-fractals can be modeled in its
right perspective. Third, spatial analysis can be associated with hierarchical analysis. Spatial
dimension is one of obstacles for mathematical modeling and analysis. It is more difficult to
make spatial analysis than hierarchical analysis. By hierarchical scaling, a spatial network
can be transformed into a hierarchy with a cascade structure, and the spatial analysis can be
equivalently replaced by hierarchical analysis. According to the abovementioned ideas, we
can develop an integrated theory based on fractal and hierarchical scaling to research com-
plex systems such as cities. What is more, fractals reflect optimum structure in nature. A
fractal object can occupy its space in the most efficient way. Using concepts from fractals and
hierarchical scaling, we can optimize human settlement systems, including cities, towns,
villages, and systems of cities and towns.
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Abstract

Archaeology, as a science, dares to explain how extinct societies functioned. As in all 
sciences, knowledge is built through the classification of data. In this case, data appear 
as fragments of objects that human groups have left behind. Traditionally, archaeologi-
cal classification systems use stylistic criteria to assign the belonging of fragments to a 
territory, to a moment in time, and to a culture. The underlying idea is that changes in 
the characteristics of objects respond to changes in cultural processes. Despite a long 
tradition in the analysis of archaeological material, there is still a significant subjective 
component in which the classification criteria should be. If the archaeologist uses one that 
is too broad, then fragments with very diverse characteristics can be included in the same 
group. Conversely, if the criterion is too narrow, fragments that are very similar to each 
other, but not identical, will not be considered of the same type. Conclusions that depend 
on the size of the tool used in the analysis do not seem to be very sound. Therefore, 
the limits of traditional archaeological analysis have been reached. New perspectives are 
required to move forward. In this chapter, it is proposed that social vestiges acquire frac-
tal properties by the repeated iteration of culturally transmitted rules embedded in their 
production processes. Complex patterns emerge in a variety of cultural manifestations, 
but are all related to the way in which cultural practices of different groups occupy space: 
practices related to, for example, tool elaboration, symbolic representation or the choice 
of the geographic location where they settle. Fractal properties are the reflection of these 
cultural practices and the metrics that synthesizes the properties of each of the cultural 
manifestations is its fractal dimension. The fractal signature is built as a distinctive set of 
fractal dimensions of cultural traits of a social group. This is intended with the construc-
tion of the Xajay culture’s “fractal signature.” Xajay civilization flourished to the south 
of the northern border of Mesoamerica from around 350 AD until its collapse in 900 AD.

Keywords: cultural patterns, archaeology, fractal dimension, fractal signature, Xajay, 
characterization
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1. Introduction

Archaeology is the science of fragments. Archaeologists excavate to obtain information from 
fragments of cities, buildings, tools, pottery and a great diversity of objects that when put 
together form complex patterns of cultural manifestations. The objective of archaeological 
work is the classification of the fragments to assign them to a chronological period, to a certain 
usage, and to a specific social group. In this process, fragments acquire meaning.

Traditional classifications are built on discrimination by region, by types of objects, of mate-
rial, of forms, etc. If the groupings are meaningful, the result will be the association of the 
different objects to a social group and to a culture. However, in the analysis of a territory that 
has been occupied by different cultures and which remains fit in more than one classifica-
tion, traditional methods quickly reach their limits and a different approach is necessary. The 
hypothesis that guides our research is that a culture can be better characterized by means 
of the fractal analysis of the objects it produced and has left behind for the archaeologists to 
find and analyze. Supporting the hypothesis is the idea that the know-how that underlies the 
production of every cultural manifestation is not acquired individually, but is part of a com-
plex social transmission system. Therefore, the fabrication of the distinctive paraphernalia of 
a group implies the reiteration of social practices that result in patterns that can be identified 
by fractal analysis.

2. The elusive Xajay

Our research uses artifacts from the Xajay culture to attempt its characterization by means of 
fractal analysis. The Xajay culture flourished from 350 to 900 AD in a semi-desert region close 
to the northern border of Mesoamerica in what is now central Mexico. The most important of 
their ceremonial centers is Pahñu, located 180 km to the northwest of modern Mexico City. In 
ancient times, the Mesoamerican border divided the nomadic (barbarian, hunter and forager) 
groups to the north from the sedentary (civilized and agricultural) population to the south.

The frontier condition of the Xajay, as well as other of their characteristics, has challenged a 
precise archaeological classification of this group. At times, they have been thought of as a 
development associated to the northern expansion of the great city of Teotihuacan, whereas at 
others they were considered as isolated groups that defended the entry to the central Mexican 
plateau from the northern barbarians.

Among the problems that arose while trying to classify the Xajay is that their architecture has 
decorative elements that are like those used at the moment in Monte Albán—located almost 
500 km to the southeast—, but has other elements that are similar to those used by the Aztecs 
more than 700 years later [1]. Another classification predicament is that the Xajay ceremonial 
centers are contemporary to Teotihuacan and within its potential area of control; however, 
the influence of the big city on their small neighbors is almost insignificant. For example, the 
archaeological record of Teotihuacan-controlled sites always denotes the presence of artifacts 
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knapped from green obsidian. The access to the sources of this volcanic glass was monopo-
lized by Teotihuacan for hundreds of years [2]. In contrast, the archaeological record of the 
Xajay sites only yields black obsidian obtained from local sources. A final inconsistent clas-
sification topic that is worth mentioning refers to the widespread stone engraving tradition in 
pre-Hispanic Central Mexico. Instead, the motifs of the Xajay petroglyphs are more like those 
of the Bajío region, located to the west of the Xajay sites [3].

With this conflicting evidence, every attempt to classify Xajay remains with respect to a previ-
ously known culture ended in ambiguity. As more archaeological material was obtained and 
analyzed, the prevailing confusion only increased. Also, classifications became so detailed 
that they became useless.

Here is where we believe that fractal analysis can make a difference. We used fractal analysis 
on some elements that had been previously used to attempt the characterization of the Xajay 
with two basic underlying questions: how similar among themselves are the remains; and 
how different are these remains with respect to those of other cultures?

3. The fractal nature of archaeological objects

The first thing that had to be done was to confirm the fractal nature of archaeological objects. 
If the challenge was to prove the usefulness of the fractal dimension for archaeological anal-
ysis, then it was important to justify why archaeological objects have fractal properties. It 
makes no sense to calculate the fractal dimension of something that is not fractal.

In mathematics, fractals are complex objects that show self-similarity at all scales resulting 
from the repeated iteration of a simple rule. In nature, again because of the reiteration of a 
simple rule, certain objects show self-similarity, but only on a limited number of scales due to 
the limitations imposed by matter. It is said that these are statistical fractals [4]. We propose 
that in the cultural domain, objects acquire statistical fractal properties due to the repetition of 
a simple (cultural) rule. This can explain the emergence of complex patterns in cultural mani-
festations, in domestic aspects such as pottery, textiles, and even hair-dos, but also in more 
social and aggregate phenomena such as urban and settlement patterns.

This definition of a cultural fractal fits perfectly well in archaeology. The simple rules that 
are repeated to form cultural fractals are the traditions that are transmitted from one genera-
tion to another and manifest themselves in the specific way in which things are done within 
a social group. For example, these traditions have to do with the sequence and strength of 
gestures that result in knapping a projectile point from an obsidian core, the steps involved 
in engraving blocks of tuff to obtain a certain symbol or glyph, or the way in which clay 
is knead and shaped to form a characteristic vessel, etc. All these social practices, repeated 
recursively, leave traces in the archaeological record and can be subject to fractal analysis. The 
fractal properties of cultural manifestations are the direct consequence of cultural practices. 
The metric that synthesizes the properties of each of the cultural manifestations is its fractal 
dimension.
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In brief, it can be said that the fractal dimension measures the way in which an image fills 
the space that contains it. In a social domain, it is straightforward to think that two cultures 
will use space in distinct ways; their cultural manifestations will occupy space differently. 
Therefore, the fractal dimension of the objects they produce can be used to identify specific 
cultural traits.

Then, there is the problem of how to detect the fractal nature of the objects from the images 
that represent them, mostly because the fractal patterns are not always visible to the naked eye.

Box-counting is the most commonly used method for calculating fractal dimension from 
images. Essentially, this method calculates the fractal dimension as the relation between the 
number of squares (boxes) needed to cover an image and the size (scale) of the squares. If this 
relation is stable when the size of the squares changes, then there is scale invariance, and it can 
be said that the image fills the space that contains it in the same manner, with independence 
of scale. In other words, there is also some sort of self-similarity. We can be confident then that 
we are in the presence of an object with fractal properties, and that it makes sense to calculate 
its fractal dimension.

4. Choice of tools

The first issue we had to address was the choice of a tool to calculate the fractal dimension of 
the archaeological images. It is amazing that despite a relatively long history of fractal analy-
sis in archaeology1, there is very little discussion of the results of research and even less of the 
methods employed. The literature we reviewed was of little help for deciding the software 
to use for the calculation of fractal dimension. We had access to five open-source or freely 
available programs2 and to our surprise, each one gave a very different result for the fractal 
dimension of a same image using the same method (Box-counting).

Before going any further, it was necessary to clarify these differences and have certainty with 
respect to what was being calculated by each of the programs. In the end, we identified the 
main source of discrepancy in the way each program processed the images and converted 
them into binary files which are the input needed to use the box-counting method. We found 
other minor differences that derived from the way each program placed the grid of squares 
to cover the images, and from the way the size of the squares is increased in each iteration of 
the procedure3. By controlling the binary images that were used as input and by adjusting the 
parameters of grid placement and square size, we could obtain the same result for the fractal 
dimension of the same image calculated by each of the five programs.

3 For a complete description of the comparison of the five programs, see Ref. [20].

1 The earliest work that we are aware of is [12].
2 We tested: (a) FROG (Fractal Researches on Geosciences) v1.0 developed by Jean-François Parrot of the Geography Insti-
tute at UNAM; (b) Fractalyse v2.4, developed at Université de Franche-Comté de Besançon; (c) fractal3, v3.4.7, developed 
by the National Agriculture Research Organization of Japan; (d) HarFa, v DEMO 5.5.30 developed at the Brno University 
of Technology, Czech Republic; and (e) ImageJ v1.46r developed by the US National Institutes of Health, and its plug-in 
FracLac v2.5, developed by A. Karperian at Charles Sturt University of Australia.
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Having clarified the procedures of each of the programs, we decided to use FracLac for Imagej 
because it allowed for a finer parametrization which gives better control over the process, it cal-
culates not only the fractal dimension but other indicators, such as lacunarity that would result 
useful in our analysis, and finally because it was possible to batch process large sets of images.

A crucial lesson that can be drawn from this first step of the experiment is that software 
should not be taken as a black-box that produces a magical number: the fractal dimension. If 
there is not a discussion on methods, then the results can be very interesting, but will only be 
relevant for isolated cases. It is important to produce results that can be comparable to others 
so research can build on previous works.

5. Fractal dimensions of the Xajay culture

The first issue to define is what are the traits that can be measured and allow the characteriza-
tion of a culture by means of fractal analysis. Archaeological evidence suggested that at least 
three distinctive cultural traits of the Xajay should be used: (a) the location in a specific land-
scape where the group built its ceremonial centers; (b) the stone engravings that can be found 
throughout what has been interpreted as their sacred territory; and (c) the projectile points 
included in offerings as part of their funerary practices.

5.1. Location

The study of location, landscape, and territory is common in archaeological research. They 
are topics that have also been approached by fractal analysis. A rigorous paper on the inter-
vention, organization, and planning of space in pre-Hispanic times is that of Oleschko et 
al. [5] who proposed to use fractal geometry to identify the urban master-plan of the city of 
Teotihuacan. In their study, they analyzed satellite imagery and aerial photography of the 
archaeological zone. It is worth noting that an important part of their effort was devoted to 
verifying the fractal nature of what was represented in the images they analyzed. In particu-
lar, they proposed that the invariant fractal dimension that was obtained from images with 
different scales was evidence of self-similarity. The results of their calculations for the prin-
cipal buildings of Teotihuacan as well as for the archaeological site as a whole gave a fractal 
dimension of 1.89 with minor variations. This outcome was the same in satellite imagery as 
well as in aerial photographs with scales of 1:30,000 and 1:5000. With this, the authors sustain 
their claim that the main buildings of Teotihuacan have fractal properties. Even more, they 
propose that, given the visual similarity of the plan of the Ciudadela complex with the math-
ematical fractal known as the Sierpinski Carpet—which coincidently has a fractal dimension 
of 1.89—it was very possible that the urbanists and architects of Teotihuacan had in mind 
schemas and parameters like those that give place to the mathematical fractal.

Other examples are [6, 7] that propose a relation between the intra-site settlement pattern with 
kinship and between the regional distribution of sites with warfare. The argument focuses 
on the rank-size distribution observed in archaeological materials and in the settlement pat-
terns to sustain their fractal properties; however, they also mention that fractal dimension 
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can be calculated from images. It is interesting that the authors warn explicitly that neither 
everything is fractal nor all dynamics are nonlinear, but that many archaeological patterns are 
fractal and should be described and analyzed properly.

Landscape has also been a topic in the analysis of the Xajay. The location where this group 
built all their ceremonial centers is peculiar. The eruption of a huge caldera about 4 million 
years ago formed vast tuff plains that have since suffered erosion and given place to plateaus 
or mesas that end abruptly on their northern side. It is precisely on the edge or these mesas 
that the Xajay decided to place their ceremonial centers. Because of this characteristic, the 
Xajay were once named the Mesas Culture [8].

We built on the assumption that if the location of the sites is peculiar, then it should have a 
specific fractal dimension and of course, it should be different from that of other locations. 
We used topography as represented by contour lines as a proxy for location to measure its 
fractal dimension. Contour lines are abstractions that represent points in a map with the same 
altitude. The more rugged the terrain, contour lines will be closer to each other and have 
more twists and bends: they will fill the map space in a more complete way. Consequently, 
it should be expected that the fractal dimension of a topographical map of a mountainous 
landscape should be greater than that of a flat location.

To prove this hypothesis, topographical maps were obtained for the location of the Xajay 
ceremonial centers and eight other archaeological sites in Mexico: Teotihuacan, Cantona, 
Cacaxtla, Xochicalco, Teotenango, Tula, Tenayuca, and Cerro de la Cruz. However, we were 
not only interested in quantifying the ruggedness of the terrain but also in sustaining that 
the precise location of the archaeological sites, at least for the Xajay, had a cultural meaning. 
Therefore, we expected that the fractal dimension of the topography of the location of the 
Xajay ceremonial centers would be like that of Cerro de la Cruz with whom, it is known [9], 
they share cultural traits—among others the placement of sites on edges of cliffs.

Contour lines were extracted from the digital elevation models provided online by the 
Mexican Institute of Geography (INEGI). The resolution of the digital elevation model files is 
15 m per pixel and differences in altitude represented by each contour line is 10 m. The gener-
ated maps, covering approximately 10 × 15 km in a scale of 1:50,000 were stored in TIFF files 
of 3500 × 2480 pixels and are shown in Table 1.

Because different images can have very similar fractal dimensions, lacunarity was also cal-
culated to discriminate more effectively between images. Lacunarity was proposed by 
Mandelbrot [10] as a complementary measure to fractal dimension. If the fractal dimension 
measures the way an image fills the space that contains it, lacunarity measures the holes or the 
lumpiness of the image, the way in which it does not fill space.

In Figure 1, the fractal dimensions and lacunarities of the topographical maps of the nine 
archaeological sites are plotted.

Even if the limited number of points in the sample do not allow for statistically significant 
inferences, it is relevant that the points representing the values of maps of the Xajay ceremo-
nial centers and of Cerro de la Cruz are proximate to each other, which corresponds to what 
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was expected because of the shared cultural traits. In this case, topography has a cultural 
meaning. The other sites have topographies whose combination of fractal dimension and lac-
unarity are quite separate from the Xajay; hence, we can conclude that they do not share with 
them their characteristic cultural placement on the edge of cliffs.

These results confirm that the particularity of the location of the Xajay ceremonial centers 
is more than something perceptual: it has been measured. The placement of the sites on the 
edges of cliffs is now associated to specific values of fractal dimension and lacunarity of their 
topographies. In this way, it can be used to distinguish objectively between preferences of 
ancient peoples for the building of their sites.

5.2. Petroglyphs

The existence of petroglyphs in and around the ceremonial centers is another trait that has 
been mentioned as characteristic of the Xajay culture [8]. There are almost 200 petroglyphs 
registered in the five Xajay ceremonial centers4, being Zidada the one where they have been 
found more abundantly. A selection of 23 images of petroglyphs from the survey records 
of Zidada was prepared for measuring their fractal dimension. The petroglyph motif was 

Xajay Cerro de la Cruz Teotihuacan

Cantona Cacaxtla Xochicalco

Tula Teotenango Tenayuca

Table 1. Topographical maps of archaeological sites.

4 Apart from Pahñu, the main ceremonial center, the Xajay built Zidada, Taxangú, Cerrito, and Zethé, all of them on the 
northern edge of cliffs. The maximum distance between the sites (Zidada to the west and Zethé to the east) is less than 8 km.
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Original survey photograph Retraced motif Binary image

Zidada 11

Table 2. Example of the extraction of petroglyph motif.

retraced as a black line on the digitized original survey photographs. Then, the background 
photograph was erased and the file was converted to a binary format. Table 2 illustrates this 
process.

The mean fractal dimension of the sample of 23 images is 1.1234 with a standard deviation 
of 0.0688, denoting a relatively compact grouping. This can be indicative that petroglyphs in 
and around the Xajay ceremonial centers are specific of this culture. The values of the fractal 
dimension of the Zidada petroglyphs were compared to those of three other pre-Hispanic 
petroglyphs from the Xajay sites of Pahñu and Taxangú and to that of a modern stone carv-
ing found near Zidada. Assuming normality in the distribution, it can be sustained that there 
is more than 95% probability that the pre-Hispanic petroglyphs belong to the same set as 
the ones from Zidada. With the same probability, we can conclude that the modern petro-
glyph has a motif that does not belong to the Xajay culture. Another comparison was made 

Figure 1. Fractal dimension and lacunarity of the location of archaeological sites.
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with two petroglyphs that functioned as astronomical markers from the site of Xihuingo [11], 
contemporary to Pahñu, but with a strong influence from Teotihuacan. Not surprisingly, the 
fractal dimension of these petroglyphs fell outside of the 95% confidence interval for the Xajay 
motifs.

These results support and give a numerical expression to the idea that the Xajay elaborated a 
specific type of petroglyphs in association with their ceremonial sites. Xajay petroglyphs are 
similar and this is one of their characteristic cultural traits.

5.3. Projectile points

Orton and Grace, two British archaeologists, made team with two computer specialists and 
conducted a pioneer research on the fractal properties of archaeological lithic material [12]. 
The authors confirmed their intuition that the fractal dimension would change depending on 
the different erosive processes that affected flint flakes, but could not meet their objective of 
determining the use that had been given to the artifacts by the differences in the fractal dimen-
sion of the images of microware types. Nonetheless, they set the ground for further research 
based on fractal analysis in archaeology.

During excavations at the Xajay site of Pahñu, a significant quantity of archaeological mate-
rial was recovered. Of special interest was the material of an offering placed in a cache under 
the northwest corner of the main pyramid around 500 AD. Among the findings, archaeolo-
gist recovered a great diversity of projectile points, of different forms and made of different 
materials. These points were used to explore if, despite the diversity, some specific Xajay trait 
could be revealed through the fractal analysis of their images.

As with the petroglyphs, the images of the points had to be prepared for their processing. 
The silhouette or edge of the images of the dorsal side of 54 projectile points were extracted 
from the original digitized photographs and saved in a binary format. Table 3 illustrates the 
process.

Fractal dimension and lacunarity were calculated for the 54 images of projectile points. In 
both calculations, the dispersion of values is relatively small, which can indicate a clustering 
of the points in terms of these characteristics.

Plotting fractal dimension against lacunarity of the images reveals what could be two groups 
within the Xajay projectile points. A first group formed by the points whose image has a 
fractal dimension less than 1.09, and the second group has fractal dimensions greater than 
this value.

To find an explanation for this segmentation, the data were compared to the information 
contained in the lithic database of the excavation project. The grouping of the data could be 
explained by differences in the material out of which the points were knapped. The points 
with a fractal dimension less than 1.09 were made from obsidian with two exceptions. The 
only point made from basalt belongs to this group, and there is one made from flint that 
requires a more detailed analysis to determine why it has such a low fractal dimension com-
pared to the other flint points. The second group of points with a fractal dimension greater 
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than 1.09 comprises 20 points made from flint, 5 from chalcedony, 1 from calcite, 1 from rhyo-
lite, and 1 from obsidian. Figure 2 shows the segmentation of the points with respect to their 
knapping material.

The mean fractal dimensions of these two groups of points resulted different with a confi-
dence interval of more than 99%. Also, and this is not clearly visible to the naked eye, the 
mean lacunarity of the two groups is likewise different. It follows that, as a complementary 
measure, lacunarity is also useful to distinguish between these two groups5.

This result could lead us to think that fractal dimensions and lacunarity are simply distin-
guishing some physical attributes of the raw material, and not a cultural practice, which, 
in the last instance, is the relevant criterion to characterize a human group. However, if the 
physical properties are explaining the clustering of fractal dimensions and lacunarities, then 
as many groups as different raw materials would be discernible, and this is not the case.

To further explore if the segmentation of fractal dimensions was due to the physical prop-
erties of the raw material, the Xajay collection was compared to the images of other points 
obtained from the Internet. The criteria for selecting the points were that they should not be 
very different in form than the Xajay so the differences could not be explained by this reason. 
For contrasting, four very distinct Clovis points were also chosen, which in principle should 
have a very different fractal dimension than the Xajay points. Most of the images were taken 
from the online catalogue of the American Southwest Virtual Museum [13]. The comparative 
set of images was composed of 15 points from Arizona, of which 2 were obsidian, 4 Clovis 

5 The value of Student’s t-statistic for the independent sample equality of means test for fractal dimensions was 11.093, 
with 52 degrees of freedom. The two-tailed confidence interval is greater than 99%. For lacunarities, Student’s t-statistic 
was 5.320 with the same degrees of freedom and confidence interval as for fractal dimensions.

Original image

Binary image

Table 3. Example of the extraction of the silhouette of a point.
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points from several locations in the United States, 1 point from Kansas, and 1 obsidian point 
from an unknown provenance in the southwest of the United States. An obsidian point from 
Teotihuacan and a flint point from Belize were also included in this set. Figure 3 plots the 
fractal dimension and lacunarity of the ensemble of points.

The first thing that is worth noting is that the four Clovis points clearly form a distinct group 
with the lowest fractal dimensions of all. The number of observations is very small, and 
statistically significant inferences cannot be made, but once again, the potential of fractal 

Figure 2. Fractal dimension and lacunarity of Xajay projectile points.

Figure 3. Fractal dimension and lacunarity of projectile points.
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dimensions to distinguish among groups of objects is manifest. The Clovis points are visibly 
not made from obsidian but probably from a sedimentary material. The fact that their frac-
tal dimensions are smaller than those calculated for the Xajay points in general and much 
smaller than those of the points made from sedimentary material gives some weight to the 
argument that the fractal dimension is not measuring the physical attributes of the artifacts.

As for the set of points from the American Southwest and the other isolated points, the fractal 
dimensions of those knapped from obsidian are all in the range of the Xajay points made from 
that material. Also, fractal dimensions of the points made from other material are distributed 
in the whole range of values of the Xajay points, independently of the raw material used in 
their manufacture. Once again, there is an indication that fractal dimensions are measuring 
something more than the simple attributes of raw materials.

Even if the differences in fractal dimensions were related to the raw material, it could be 
argued that it is due to the precise gestures involved in working with them, and this is cul-
tural. Artifacts are manufactured from each raw material through a carefully thought out 
sequence of interrelated actions. The knowledge behind this sequence is transmitted within 
each human group.

6. The fractal signature

Up to this point of the research, we have obtained a handful of fractal dimensions, each one 
of them saying something with respect to a trait of the Xajay culture. The next step was to 
integrate them into a more synthetic measure that could represent the ensemble of the Xajay 
culture. A characteristic required of this synthetic measure was that it distinguishes the Xajay 
from any culture with whom it was compared. The fractal signature is a measure that com-
plies with this condition.

Given the ambiguity with which the concepts of fractal dimension and fractal signature are 
used in literature, their distinction is worth a brief discussion. The lack of precision in the 
use of these terms is not exclusive of fractal archaeological research. At times, the distinction 
is solved by choosing one, or the other, or simply by making them interchangeable. See, for 
example, Refs. [14, 15].

It is amazing that the most precise definitions of fractal signature occur in the extremes of 
the observation spectrum. At a macro level, in astronomy, near galaxies are distinguished by 
the fractal dimension of their images at different resolutions [16]. With a method, similar to 
box-counting, the area of a galaxy in an image is calculated by counting the non-black pixels. 
The authors observed that the area of the galaxies change when the resolution of the image 
changes. For them, the fractal signature is the relation between the area of a galaxy calculated 
from different images and the resolution of the images.

In the opposite extreme of the spectrum, there are several medical science papers that use the 
fractal signature for the analysis of the microscopic structure of bone tissue to detect anoma-
lies. The definition used in some of these papers is like the one used in the study of galaxies. 
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The fractal signature is the variability of fractal dimension calculated from images with a 
different resolution: “a fractal signature […] is simply the estimated fractal dimension as a 
function of scale” [17].

The problem faced by astronomers and physicians is that the fractal dimension of objects 
represented in the images they were using (galaxies or microscopic structure of tissue) varied 
as a function of the resolution of the image. In other words, the fractal dimension of an object 
changed depending on the “magnification” with which the image had been captured. There 
was thus a need for a method permitting their comparison, independently of the capture 
conditions.

The above-mentioned works are based on the study of Peleg et al. [18], who used mathemati-
cal morphology procedures to solve a general problem arising from the characterization of 
textures. The sharpness of digital images changes with their resolution, which in principle 
conflicts with the properties of fractal objects that should be self-similar independently of 
scale. The fractal signature was defined to measure the degree of detail or sharpness that is 
lost when the resolution of the image is reduced. “The magnitude of the fractal signature 
S(ε) relates to the amount of detail that is lost when the size of the measuring yardstick 
passes ε.” [18] Note that ε refers to the measurement scale or to the resolution of the image. 
Another way of understanding this would be that the fractal signature measures the change 
in the fractal dimension of objects calculated from images that represent different “levels of 
observation.”

The usefulness of fractal signatures in research that propose to measure the detail of “texture” 
of tissues or galaxies from microscopic or telescopic observations is clear. In social sciences, 
and particularly in the research that we present, the analysis of “texture” of cultural remains 
is not only done through successive magnifications, but the different “levels of observation” 
imply seeing the archaeological context from diverse domains, opening the field of vision 
toward object of varied nature.

We propose that the concept of fractal signature in archaeology can be recovered if it is con-
sidered as the measure of change in fractal dimension of the different aspects of material cul-
ture. In this case, fractal dimension would not change only because of the resolution of images 
of a single object, but because the observations would include distinct aspects of culture. The 
fractal signature would not be a single number, but a set of numbers each one measuring the 
fractal dimension of a particularity of the archaeological context. Under the hypothesis that 
archaeological objects have fractal properties due to the repeated iteration of cultural rules, 
it is reasonable to assume that those that govern the fabrication of pottery are different than 
those applied to architecture and urbanism, and also different than those present in sculp-
ture, stone engraving or any other activity that leaves traces in the archaeological context. 
Therefore, each aspect or element of a social group has a specific fractal dimension, and the 
ensemble of these dimensions is what constitutes their fractal signature.

The obvious question that arises is how many aspects of a culture should be observed to 
have an adequate characterization. In other words, how many elements should be mea-
sured to have an effective fractal signature. Fractal dimension can be used to measure 
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Topography Petroglyphs Projectile points

1.7973 1.1243 1.0882

Table 4. Prototype of the Xajay fractal signature.

as many aspects of a culture as is required to build a fractal signature that character-
izes adequately a human group. In principle, the inclusion of additional traits would be 
never ending; the number of dimensions of the cultural space would increase incessantly. 
Nonetheless, the same result should be expected: each group will have a unique location 
in that space. The way this is understood is related to the way in which groups, societies 
or cultures are looked at. Each one has endless components, their difference is not in the 
similarity or lack of the components, but in the way in which these interact and combine. 
In other words, what is important is to understand how the components form a dynamic 
system with transformation rules of its own. Considering this, we propose that the fractal 
signature is the representation of the systemic dynamics of the group in the n-dimensional 
space of culture.

In what follows we will present some ideas of how a prototype of the Xajay fractal signature 
could begin to be assembled from the set of fractal dimensions of the attributes that were 
measured. To facilitate presentation, the fractal signature will consider only the mean fractal 
dimensions of the topography of the placement of the sites, of the petroglyph motifs and of 
the silhouettes of the projectile points, as shown in Table 4.

Likewise, it can be represented in a vector notation in the three-dimensional cultural space 
defined by topography × petroglyphs × points.

      ⎯ → 
XajayFS

  = [  1.7973,  1.1243,  1.0882  ]  (1)

This combination of fractal dimensions occupies a unique position in this space and is there-
fore proposed that the fractal signature expressed in this manner is a measurement of the 
specificity of the Xajay.

The usefulness of the fractal signature to make distinctions between groups would be given 
by the fact that the measurements of the attributes of the distinct groups would occupy dif-
ferent positions in this space.

To illustrate this, fractal dimensions of the three domains that form the prototypical cultural 
space were obtained for Teotihuacan and Cantona, enabling the comparison with the Xajay. 
This is presented in Table 5.

A graphical representation of these fractal signatures in the three-dimensional cultural space 
is shown in Figure 4.

The graph clearly shows how each cultural group occupies a unique position in the space 
determined by the fractal dimensions of their attributes.
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7. Conclusions

The driving purpose of our research was to assign quantitative measures to the classifications 
made by archaeologists in their day-to-day work. Classification of objects and cultural traits are 
made from the knowledge and experience acquired through research and are always biased in 
some way and have a certain dose of ambiguity. It is not our intention to demerit archaeologists. 
Their work has achieved the non-easy task of giving form to the history of social transformations. 
Moreover, when societies under study do not leave written records, research becomes even harder 
and the only thing archaeologists can get a grasp on to reconstruct history from are fragments of 

Topography Petroglyphs Projectile points

Xajay 1.7973 1.1243 1.0882

Teotihuacan 1.7339 1.5067 1.0535

Cantona 1.7181 1.1819 1.0402

Table 5. Three attribute fractal signature of the Xajay, Teotihuacan, and Cantona.

Figure 4. Fractal signature of the Xajay, Teotihuacan, and Cantona.
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objects. With these fragments, the functioning of societies and the relations between its elements 
have to be recreated. To reduce subjectiveness in archaeological work, we have proposed a model 
to characterize different cultures by means of their fractal dimensions. The bet is that, indepen-
dently of how many elements (fractal dimensions) are considered, there will never be two groups 
that occupy the same location in the n-dimensional space of culture, given that each point in this 
space (each fractal signature) is the representation of one and only one social group.

Characterization of social groups by means of fractal analysis opens the door to a great variety of 
future research. For example, the configuration of the territory occupied in pre-Hispanic times 
can be represented by a cloud of points in cultural space, each one associated to a social group. 
The points of this cloud could get closer or move away from each other, giving place in certain 
moments to clusters of cultural significance. One of these clusters is probably Mesoamerica.

Another line of research, maybe much more ambitious, is related to the discovery of the “gen-
erators” of the fractal properties of cultural objects, namely the simple rules whose repeti-
tion produces fractal patterns. These are the lines developed in Ron Eglash’s classic work on 
African fractals [19]. In this chapter, we have shown the potential of the fractal signature to 
characterize the Xajay from the fractal properties of different aspects of their culture, but there 
was no attempt to discover the cultural rules that produced them. If such rules could be deter-
mined, if their repetition could be identified as processes, an important step would be taken in 
the understanding of the interactions of the different components of the Xajay material culture.
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Abstract

This chapter provides a brief and coarse discussion on the theory of fractal interpolation
functions and their recent developments including some of the research made by the
authors. It focuses on fractal interpolation as well as on recurrent fractal interpolation in
one and two dimensions. The resulting self-affine or self-similar graphs, which usually
have non-integral dimension, were generated through a family of (discrete) dynamic
systems, the iterated function system, by using affine transformations. Specifically, the
fractal interpolation surfaces presented here were constructed over triangular as well as
over polygonal lattices with triangular subdomains. A further purpose of this chapter
is the exploration of the existent breakthroughs and their application to a flexible and
integrated software that constructs and visualises the above-mentioned models. We intent
to supply both a panoramic view of interpolating functions and a useful source of links to
assist a novice as well as an expert in fractals. The ideas or findings contained in this paper
are not claimed to be exhaustive, but are intended to be read before, or in parallel with,
technical papers available in the literature on this subject.

Keywords: approximation, attractor, fractal, interpolating function, iterated function
system, recurrent, self-affinity, self-similarity, surface construction

1. Introduction

In the mathematical field of numerical analysis, interpolation is a method of constructing new
data points within the range of a discrete set of known data points. Interpolation by fractal
(graph of) functions, as defined in Refs. [1, 2], is based on the theory of iterated function systems

© 2017 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.



and can be seen as an alternative to traditional interpolation techniques, aiming mainly at data
which present detail at different scales, some degree of self-similarity or self-affinity. A fractal
interpolation function can be seen as a continuous function whose graph is the attractor of an
appropriately chosen iterated function system. This attractor is called a fractal interpolation
surface, since the graph of a continuous function of two variables defined over a connected
open subset of R2 is a topological surface, if the so formed graph belongs to the three-dimen-
sional space and has Hausdorff-Besicovitch dimension between 2 and 3. It is called a fractal
interpolation volume whenever the graph has dimension greater than three. The key difficulty
in constructing fractal interpolation surfaces (or volumes) involves ensuring continuity.
Another important element necessary in modelling complicated surfaces of this type is the
existence of the contractivity, or vertical scaling, factors.

1.1. Historical background

Massopust introduced in Ref. [3] fractal surfaces constructed as attractors of iterated function
systems. He considered the case of a triangular domain with coplanar boundary data. Later
on, Geronimo and Hardin in Ref. [4] presented a slightly more general construction of such
fractal surfaces. They examined the case when the domain is a polygonal region with arbitrary
interpolation points but with identical contractivity factors. In Ref. [5], Rm-valued multivariate
fractal functions were investigated. The latter two constructions use the recurrent iterated-
function-system formalism. The construction of Wittenbrink [6] either produces discontinuous
surfaces (and volumes) or reduces to the case, where the contractivity factors must be constant.
Zhao [7] allows the contractivity factors to become a continuous ‘contraction function’ and
uses consistent triangulation in order to guarantee continuity. All of the previous constructions
are based on triangular subdomains. As it is always possible to construct fractal surfaces as
tensor products of univariate continuous fractal functions, Massopust in Ref. [8], Section 9.4
suggests a construction by taking the tensor product of two univariate fractal interpolation
functions. The derived function is uniquely determined by its evaluation along a pair of
adjacent sides of the rectangular domain.

Two piecewise self-affine models for representing discrete image data on rectangular lattices
by using fractal surfaces are proposed in Ref. [9]. In Ref. [10], the piecewise self-affine IFS
model is extended from R3 to Rn (n is an integer greater than 3), which is called the multi-
dimensional piecewise self-affine fractal interpolation model. The same methodology is repeated in
Ref. [11]. According to Ref. [12], the self-affine iterated function systemmodel is extended from
R3 to Rn (n is an integer greater than 3), which is called the multi-dimensional self-affine fractal
interpolation model. Vijender and Chand in Ref. [13] proposed a class of affine fractal interpola-
tion surfaces that stitch a given set of surface data arranged on a rectangular grid. The created
fractal interpolation surfaces are a blend of the affine fractal interpolation functions
constructed along the grid lines of a given interpolation domain.

The study of fractals is a field in science that unifies mathematics, theoretical physics, art and
computer science. Therefore, it is not difficult to find applications of fractal interpolation
functions in almost every scientific field wherein information available in finite number of grid
points has to be modelled with a continuous function. Applications of this theory include
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geometric design, data visualisation, reverse engineering, physics, geology, image encoding
and compression (see Ref. [14]), signal processing and wavelet theory. Fractal interpolation also
provides a good representation of economic time series such as the stock market fluctuation
and weather data. The reason for this variety of applications lies in the underlying complicated
mathematical structure of fractal (graph of) functions, produced with simple recursive con-
struction. It has been noted that, for certain problems, they provide better approximants than
their classical non-recursive counterparts.

1.2. Clarifications and interpretations

Although, in most of the cases, the words function, map and mapping can be used as nouns
interchangeably in several parts of mathematics, they generally do not have the same meaning.
Originally, the word ‘map’ comes from the medieval LatinMappa mundi, wherein mappameant
napkin or cloth and mundi the world. ‘Mapping’ as a noun is the process of making maps. In
mathematics, we think of a map as a way of sending elements from one set to elements of
another set. A mapping shows how the elements are paired. A function is a way or rule of
associating elements from one set, the domain, to elements of another set, the codomain. So, a
domain is where a function maps from, and a range, as a subset of the codomain, is where it
maps to. The definition of a function requires that each element in the domain corresponds to
one and only one element of the codomain. Moreover, a function is commonly used as a special
type of mapping, namely it is used as a mapping from a set into the set of numbers, that is, into
R, or C or into a field K. So, a map is slightly more general, as it allows a many-to-one
situation, arbitrary sets, etc. For example, we refer to ‘The open mapping theorem’ and not to
the ‘The open function theorem’, and we refer to ‘The contraction mapping theorem’and so on.
A mapping of a set into itself is called a transformation.

An affine map (from the Latin, affinis, “connected with”) between two (vector) spaces consists of
a linear map followed by a translation. Similarly, one can define an affine transformation. In a
geometric setting, these are precisely the functions that map straight lines to straight lines. Be
aware that the term linear function refers to two distinct but related notions. It may be a linear
map or a polynomial of degree one or less, including the zero polynomial, because its graph,
when there is only one independent variable, is a non-vertical straight line.

Another common error involves the incorrect use of the notions ‘self-affine function’ and ‘self-
similar function’. There is no ‘self-affine’ or ‘self-similar’ function but a function with a self-
affine or self-similar graph. Therefore, an object or a set, but not a function, can be self-affine or
self-similar. Each part of a self-affine object is an image of the whole object (either strictly or in a
statistical sense) scaled differently in different directions. Self-affine sets form an important
class of sets, which include self-similar sets as a particular case. A self-similar object is exactly or
approximately similar to a part of itself (i.e. the whole has the same shape as one or more of the
parts).

The aim of our paper is to review the usage of fractal interpolation functions in order to
construct self-affine graphs generated by iterated function systems. Furthermore, we compare
and contrast several constructions presented in Refs. [3–8] by pointing out some of their
ambiguities, limitations and restrictions. Particularly, in Section 2, we briefly review the theory
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of iterated function systems. In Section 3, we revisit the 1D fractal interpolation theory and
state the prerequisites of the constructions. Necessary conditions for the attractor of an iterated
function system to be the graph of a continuous function interpolating a given set of data are
also given. In Section 4, we revisit the two-dimensional fractal interpolation theory. A compar-
ison to existing methods and some examples of fractal interpolation surfaces constructed by
them are also presented. The corresponding algorithms for constructing these surfaces are
developed and illustrated through several graphic examples. Finally, Section 5 summarises
our conclusions and points out areas of future work.

2. Fractal image generation

In mathematics, an iterated map is a map composed with itself, possibly ad infinitum, in a
process called iteration. Iteration means the act of repeating a process with the aim of
approaching a desired goal, target or result. More formally, let X be a set and f : X!X be a
map. Define f k as the k-th iterate of f, where k is a non-negative integer, by f 0 ¼ idX and f kþ1 ¼ f ◦
f k, where idX is the identity map on X and f ◦ g denotes map composition.

A contraction mapping, or contraction, on a metric space (X, ρ) is a function f from Χ to itself, that
is, a transformation, with the property that there is a non-negative real number s < 1 such that
for all x and y in X, ρ(f(x), f(y)) ≤ s�ρ(x, y), where ρ is a distance function between elements of X.
The smallest such value of s is called the Lipschitz constant or contractivity factor of f. If the above
condition is satisfied for s ≤ 1, then the mapping is said to be non-expansive. A contraction
mapping has at most one fixed point, that is, a point x* in X such that f(x*) ¼ x*. Moreover, the
Banach fixed point theorem, also known as the contraction mapping theorem or contraction mapping
principle, states that every contraction mapping on a non-empty, complete metric space has a
unique fixed point, and that for any x in X the iterated function sequence x, f(x), f(f(x)), f(f(f(x))),
… converges to this fixed point. Furthermore, this fixed point can be found as follows: Start
with an arbitrary element x0 in X and define an iterative sequence by xn ¼ f(xn�1) for n¼ 1, 2, 3,
…. This sequence converges and its limit is x*.

2.1. Iterated function systems

An iterated function system, or IFS for short, is defined as a collection of a complete metric space
(X, ρ), for example, (Rn, k�k) or a subset, together with a finite set of continuous transforma-
tions {wi: X!X, i ¼ 1, 2, …, M}. It is often convenient to write an IFS formally as {X; w1, w2, …,
wM} or, somewhat more briefly, as {X; w1�M}. If wi are contractions with respective contractivity
factors si, i ¼ 1, 2, …, M, the IFS is termed hyperbolic.

Hutchinson in Ref. [15] showed that, for the metric space Rn, such a (hyperbolic) system of
functions has a unique compact (closed and bounded) fixed set S. One way for constructing a
fixed set is to start with an initial point or set S0 and iterate the actions of the wi, taking Snþ1 to
be the union of the image of Sn under the wi; then taking S to be the closure of the union of the
Sn. Symbolically, the unique fixed (non-empty compact) set S ⊂ R has the property
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S ¼ ⋃
M

i¼1
wiðSÞ: ð1Þ

The set S is thus the fixed set of the Hutchinson operator

HðAÞ ¼ ⋃
M

i¼1
wiðAÞ,

where A is any subset of Rn. The operator H itself is a contraction with contractivity factor
s ¼max{s1, s2,…, sM} (Ref. [2], Theorem 7.1, p. 81 or Ref. [16]). The existence and uniqueness of
S, which is called the attractor, or invariant set, of the IFS, are a consequence of the contraction
mapping principle as is the fact that lim

k!∞
HkðAÞ ¼ S � A∞ for all A in H(Rn), where H(X) is the

metric space of all non-empty, compact subsets of X with respect to some metric, for example,
the Hausdorff metric. The operator H is also called the collage map to alert us to the fact that H(A)
is formed as a union or ‘collage’ of sets. If X is a Euclidean space and the wi are similitudes, that
is, similarity transformations, then the attractor is called a self-similar set. These sets are usually
fractals.

A fractal derived by an IFS is made up of the union of several copies of itself, each copy being
transformed by a function (hence ‘function system’). A canonical example is the Sierpiński
gasket; see Figure 1. The functions are normally contractions which means they bring points
closer together and make shapes smaller. Hence, such a shape is made up of several possibly
overlapping smaller copies of itself, each of which is also made up of copies of itself, ad
infinitum. This is the source of its self-similar nature. Note that this infinite process is not
dependent upon the starting shape being a triangle—it is just clearer that way. The first few
steps starting, for example, from a square also tend towards a Sierpiński gasket; see Figure 2.

Sometimes each functionwi is required to be a linear, or more generally an affine transformation,
and hence represented by a matrix. Formally, a transformationw is affine, if it may be represented
by a matrixA and translation t as w(x) ¼ Ax þ t, or, if X ¼ R2,

w
x
y

� �
¼ a b

c s

� �
x
y

� �
þ d

e

� �
: ð2Þ

The code of w is the 6-tuple (a, b, c, s, d, e) and the code of an IFS is a table whose rows are the
codes of w1, w2, …, wM. For the three-dimensional case, this becomes

Figure 1. The evolution of the Sierpiński gasket.
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w
x
y
z

0
@

1
A ¼

a b c
d e g
h k s

0
@

1
A

x
y
z

0
@

1
Aþ

l
m
r

0
@

1
A: ð3Þ

However, IFS’s may also be built from non-linear functions, including projections and Möbius
transformations.

2.2. Recurrent iterated function systems

An IFS with probabilities, written formally as {X; w1, w2, …,wM; p1, p2, …, pM} or, somewhat
more briefly, as {X; w1�M; p1�M}, gives to each transformation in H a probability or weight. If
the weights of transformations differ, so do the measures on different parts of the attractor. A
non-self-similar attractor, however, is more easily represented with a recurrent iterated function
system, or RIFS for short. Each transformation has, instead of a single weight for the next
iteration, a vector of weights for each transformation, {X; w1�M; pi,j ∈ [0, 1]; i, j ¼ 1, 2, …, M},
so that the matrix of weights is a recurrent Markov operator for the Hutchinson operator’s
transformation (see Ref. [17]). Therefore, the attractor of a RIFS need not exhibits the self-
similarity or self-tiling properties characteristic of the attractor of an IFS, such as Eq. (1).

The most common algorithm to compute fractals derived by IFS is called the chaos game or
random iteration algorithm. It consists of picking a random point in the plane, then iteratively
applying one of the functions chosen at random from the function system and drawing the
point. An alternative algorithm, the deterministic iteration algorithm, or DIA for short, is to
generate each possible sequence of functions up to a given maximum length and then to plot
the results of applying each of these sequences of functions to an initial point or shape. For a
short survey on iterated function systems see Ref. [18].

3. Fractal interpolation functions in R

Based on a theorem of Hutchinson ([15], p. 731) and using the IFS theory of Ref. [16], Barnsley
introduced a class of functions (see Ref. [1]) which he called fractal interpolation functions. He
basically worked with affine fractal interpolation functions, in the sense that they are obtained
using affine transformations. Their main difference from elementary functions is their fractal
character. Since their graphs usually have non-integral dimension, they can be used to approx-
imate image components such as the profiles of mountain ranges, the tops of clouds and

Figure 2. Iterating from a square.
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horizons over forests, to name but a few. For a short survey on fractal interpolation functions
see Ref. [19].

Fractal interpolation functions are suitable for data sets with points linearly ordered with
respect to their abscissa. This is often sufficient, for example, when interpolating time series
data. In practice, however, there are many cases where the data are suitable for fractal interpo-
lation but define a curve rather than a function, for example, when modelling coastlines or
plants. There exist methods for constructing fractal interpolation curves based on the theory of
fractal interpolation functions. These methods use various approaches, such as generalisations
to higher dimensions, use of index coordinates or application of reversible transformations.

Let the continuous function f be defined on a real closed interval I ¼ [x0, xM] and with codomain
the metric space (R, |�|), where x0 < x1 < ⋯ < xM. It is not assumed that these points are
equidistant. The function f is called an interpolation function corresponding to the generalised set of
data {(xm, ym) ∈ K : m ¼ 0, 1,…,M}, if f(xm) ¼ ym for all m ¼ 0, 1,…,M and K ¼ I � R. The points
(xm, ym) ∈ R2 are called the interpolation points. We say that the function f interpolates the data and
that (the graph of) f passes through the interpolation points. The graph of f is the set of points
G(f) ¼ {(x, f(x) : x ∈ X}.

3.1. Affine fractal interpolation

Let us represent our, real valued, set of data points as {(un, vn) : n ¼ 0, 1,…, N; un < unþ1} and the
interpolation points as {(xm, ym) : m ¼ 0, 1,…,M;M ≤ N}, where un is the sampled index and vn
the value of the given point in un. Let {R2; w1�M} be an IFS with affine transformations of the
special form (see Eq. (2))

wi
x
y

� �
¼ ai 0

ci si

� �
x
y

� �
þ di

ei

� �

constrained to satisfy

wi
x0
y0

� �
¼ xi�1

yi�1

� �
and wi

xM
yM

� �
¼ xi

yi

� �
ð4Þ

for every i ¼ 1, 2, …, M. Solving the above equations results in

ai ¼ xi � xi�1

xM � x0
, di ¼ xMxi�1 � x0xi

xM � x0

ci ¼
yi � yi�1

xM � x0
� si

yM � y0
xM � x0

, ei ¼
xMyi�1 � x0yi

xM � x0
� si

xMy0 � x0yM
xM � x0

i.e., the coefficients ai, ci, di, ei are completely determined by the interpolation points, while the
si are free parameters satisfying |si| < 1 in order to guarantee that the IFS is hyperbolic with
respect to an appropriate metric for every i ¼ 1, 2, …, M. The transformations wi are shear
transformations: line segments parallel to the y-axis are mapped to line segments parallel to the
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y-axis contracted by the factor |si|. For this reason, the si are called vertical scaling (or
contractivity) factors.

The IFS {R2; w1�M} has a unique attractor that is the graph of some continuous function which
interpolates the data points. This function is called a fractal interpolation function, or FIF for
short, because its graph usually has non-integral dimension. A section is defined as the function
values between interpolation points. It is a function with a self-affine graph since each affine
transformation wi maps the entire (graph of the) function to its section. The above function is
known as affine FIF, or AFIF for short. For example, let {(0, 0), (0.4, 0.5), (0.7, 0.2), (1, 0)} be a
given set of data points. Figure 3 shows the graph of an AFIF with s1 ¼ 0.5, s2 ¼ �0.2 and
s3 ¼ 0.4. The closeness of fit of a FIF is mainly influenced by the determination of its vertical
scaling factors. No direct way to find the optimum values of these factors exists, and various
approaches have been proposed in the literature.

3.2. Piecewise affine fractal interpolation

The piecewise self-affine fractal model is a generalisation of the affine fractal interpolation model
and has its mathematical roots embedded in RIFS theory. A pair of data points {ð~xi, j, ~yi, jÞ :
i ¼ 1, 2,…,M; j ¼ 1, 2}, which are called addresses or address points, is now associated with each
interpolation interval. Each pair of addresses defines the domain or address interval. The con-
straints Eq. (4) become

Figure 3. The construction of an affine FIF starting from the unit square and using the DIA.
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wi
~xi,1
~yi,1

� �
¼ xi�1

yi�1

� �
and wi

~xi,2
~yi,2

� �
¼ xi

yi

� �

subjected to ~xi,2 � ~xi,1 > xi � xi�1 for every i ¼ 1, 2,…,M. Solving the above equations results in

ai ¼ xi � xi�1

~xi,2 � ~xi,1
, di ¼

~xi,2xi�1 � ~xi,1xi
~xi,2 � ~xi,1,

ci ¼
yi � yi�1

~xi,2 � ~xi,1
� si

~yi,2 � ~yi,1
~xi,2 � ~xi,1

, ei ¼
~xi,2yi�1 � ~xi,1yi

~xi,2 � ~xi,1
� si

~xi,2~yi,1 � ~xi,1~yi,2
~xi,2 � ~xi,1

for every i ¼ 1, 2,…, M. The function constructed as the attractor of the above-mentioned IFS is
called recurrent fractal interpolation function, or RFIF shortly, corresponding to the interpolation
points. A RFIF is a piecewise self-affine function since each affine transformation wi maps the
part of the (graph of the) function defined by the corresponding address interval to each section.

4. Fractal interpolation functions in R2

Let the discrete data {(xi, yj, zi,j ¼ z(xi, yj)) ∈ R3 : i ¼ 0, 1, …, N; j ¼ 0, 1, …, M} be known. Each
affinemapping that comprises the hyperbolic IFS {R3;w1�N, 1�M} is given by the following special
form of Eq. (3)

wn,m

x
y
z

0
@

1
A ¼

an,m bn,m 0
cn,m dn,m 0
en,m gn,m sn,m

0
@

1
A

x
y
z

0
@

1
Aþ

hn,m
kn,m
ln,m

0
@

1
A,

with |sn,m| < 1 for every n ¼ 1, 2, …, N and m ¼ 1, 2,…, M. The condition

����
an,m bn,m
cn,m dn,m

���� < 1

ensures that

un,m
x
y

� �
¼ an,m bn,m

cn,m dn,m

� �
x
y

� �
þ hn,m

kn,m

� �

is a similitude and the transformed surface does not vanish or flip over.

A formal definition for the fractal interpolation surfaces, as presented in Ref. [4], with some
generalisations is given below. Let D be a convex polygon in R2 with ℓ vertices and let S ¼ {q0,
q1, …, qm�1} be m, with m > ℓ, distinct points in D such that q0, q1,…, qℓ�1 are the vertices of D.
Given real numbers z0, z1,…, zm�1, wewish to construct a function f such that f(qj)¼ zj, j¼ 0, 1,…,
m�1 and whose graph is self-affine or self-similar. Let us denote by C(D) the linear space of all
real-valued continuous functions defined on D, that is,
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C Dð Þ ¼ {f : D ! R j f continuous}:

A mapping Φ on C(D) which corresponds to piecing the G(Φ(f)) together using copies of parts
of G(f) will be defined.

4.1. Affine fractal interpolation

The basic idea is to decompose D into N non-degenerate subregions Δ1, Δ2, …, ΔN with
vertices chosen from S and define affine maps Li: D ! Δi and Fi: D � R ! R, i ¼ 1, 2, …, N
such that Φ defined by

Φðf ÞðxÞ ¼ Fi L�1
i ðxÞ, f L�1

i ðxÞ� �� � ð5Þ

for x ∈ Δi maps an appropriate subset of C(D) onto itself. The main work is in showing that Φ is
well defined and contractive on some subset of C(D). If Li is invertible, G(f) is mapped onto

G Φðf ÞjΔi

� �
by (Li, Fi). Henceforth, we assume that the set Δif gNi¼1 consists of non-degenerate

convex polygons with extreme points whose interior are non-intersecting, L�1
i ðΔiÞ ¼ D and the

set of vertices of Δif gNi¼1 equals S. Let k: {1, 2, …, N} � {0, 1, …, ℓ�1} ! {0, 1, …, m�1} be such

that fqkði, jÞgℓ�1
j¼0

gives the vertices of Δif gNi¼1:

Let i ∈ {1, 2,…, N}. Since D and Δi are non-degenerate, there exists an invertible map satisfying

LiðqjÞ ¼ qkði, jÞ, j ¼ 0, 1,…, ℓ � 1: ð6Þ

Also, given any necessary free parameters,

Fiðqj, zjÞ ¼ zkði, jÞ, j ¼ 0, 1,…, ℓ � 1: ð7Þ

With these definitions for Li and Fi, if f ∈ C(D) and f(qj) ¼ zj, j ¼ 0, 1, …, ℓ�1, then ΦjΔi
∈ C(Δi)

and Φ(f)(qk(i, j)) ¼ zk(i, j), j ¼ 0, 1,…, ℓ�1. If Δi and Δi' are adjacent polygons with common edge
qjqj0 , it remains to be determined if Φ is well defined along qjqj0 , that is, whether Φ(f) satisfies

for all x ∈ qjqj0 the ‘join-up’ condition

FiðL�1
i ðxÞ, f ðL�1

i ðxÞÞÞ ¼ Fi0 ðL�1
i0 ðxÞ, f ðL�1

i0 ðxÞÞÞ:

When there is no proof that our construction always satisfies it, the surface may be not
continuous and a geometrical and visual artefact, known as ‘discontinuity’, appears. When a
surface suffers from discontinuities, a correct visualisation should render aligned horizontal
holes over the surface. A surface with discontinuities should not be considered as a fractal
interpolation surface; the function f is ambiguous on the common edge points and Φ(f) is not
well defined.

Let the number of extreme points of the convex region D be 3. A triangular domain is formed,

and the set Δif gNi¼1 contains non-degenerate triangles whose interior is non-intersecting. In
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what follows, we shall deal with a special class of maps, namely affine ones. For all i ¼ 1, 2,…,
N the invertible map Li: R2! R2 is defined as follows

Liðx, yÞ ¼ ðaixþ bi, ciyþ diÞ

and let the map Fi: R3! R be defined by

Fiðx, y, zÞ ¼ eixþ f iyþ sizþ gi: ð8Þ

Then, the corresponding IFS is of the form {R3; w1�N}, where wi(x, y, z) ¼ (Li(x, y), Fi(x, y, z)),
i ¼ 1, 2, …, N and can be written in a matrix form

wi

x
y
z

0
@

1
A ¼

ai 0 0
0 ci 0
ei f i si

0
@

1
A

x
y
z

0
@

1
Aþ

bi
di
gi

0
@

1
A:

The real numbers ai, bi, ci and di for i ¼ 1, 2,…, N are chosen to ensure that Condition (6) holds,
that is, Li(q0) ¼ qk(i, 0), Li(q1) ¼ qk(i, 1) and Li(q2) ¼ qk(i, 2). Thus, for i ¼ 1, 2, …, N,

ai ¼
xkði, j0Þ � xkði, jÞ

xj0 � xj
, bi ¼ xkði, jÞ � xj

xkði, j0 Þ � xkði, jÞ
xj0 � xj

, j 6¼ j0 ∈ {0, 1, 2}, xj 6¼ xj0 ,

ci ¼
ykði, j0Þ � ykði, jÞ

yj0 � yj
, di ¼ ykði, jÞ � yj

ykði, j0Þ � ykði, jÞ
yj0 � yj

, j 6¼ j0 ∈ {0, 1, 2}, yj 6¼ yj0 :

After selecting the scaling factors si with |si|< 1, the values ei, fi and gi are chosen to ensure that
Condition (7) holds, that is, Fi(q0, z0) ¼ zk(i, 0), Fi(q1, z1) ¼ zk(i, 1) and Fi(q2, z2) ¼ zk(i, 2). That is,
si ∈ (�1, 1) is chosen and then

ei ¼
zkði,0Þðy1 � y2Þ þ zkði,2Þðy0 � y1Þ þ zkði,1Þðy2 � y0Þ

x0ðy1 � y2Þ þ x2ðy0 � y1Þ þ x1ðy2 � y0Þ
þ si

z1ðy0 � y2Þ þ z0ðy2 � y1Þ þ z2ðy1 � y0Þ
x0ðy1 � y2Þ þ x2ðy0 � y1Þ þ x1ðy2 � y0Þ

,

f i ¼
zkði,1Þðx0 � x2Þ þ zkði,0Þðx2 � x1Þ þ zkði,2Þðx1 � x0Þ

y1ðx0 � x2Þ þ y0ðx2 � x1Þ þ y2ðx1 � x0Þ þ si
z0ðx1 � x2Þ þ z2ðx0 � x1Þ þ z1ðx2 � x0Þ
y1ðx0 � x2Þ þ y0ðx2 � x1Þ þ y2ðx1 � x0Þ ,

gi ¼
x0ðy1zkði,2Þ � y2zkði,1ÞÞ þ x1ðy2zkði,0Þ � y0zkði,2ÞÞ þ x2ðy0zkði,1Þ � y1zkði,0ÞÞ

x0ðy1 � y2Þ þ x1ðy2 � y0Þ þ x2ðy0 � y1Þ
þ

si
x0ðy2z1 � y1z2Þ þ x1ðy0z2 � y2z0Þ þ x2ðy1z0 � y0z1Þ

x0ðy1 � y2Þ þ x1ðy2 � y0Þ þ x2ðy0 � y1Þ
,

for all i ¼ 1, 2, …, N. We construct the IFS of the form {S; w1�N}, with the intention to produce
G(f) that is continuous and passes through the points (qj, zj), qj ∈ S, j ¼ 0, 1, …, m�1 as the
unique attractor A of the IFS. Since we consider f ∈ C(D), we must check if the ‘join-up’
condition is satisfied for all possible starting points of the IFS. Figure 4 illustrates the surface
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graph (Level ¼ 0) drawn with the original set of data {(0, 0, 0), (0.5, 0, 0.2), (1, 0, 0), (0, 0.5, 0.3),
(0.5, 0.5, 0.5), (0, 1, 0)} where s ¼ 0.6. See also Example 58 of Ref. [8].

4.1.1. Coplanar boundary data, arbitrary contractivity factors

If P is a non-vertical plane in R3, let Ĉ(D) denote the collection of continuous functions f :D! R
such that (x, f(x)) ∈ P for all x ∈ ∂D.

Theorem 4.1.1. Suppose the points {(qj, zj) : qj ∈ ∂D} are contained in a plane P ⊂ R3. Let Φ be
defined by (5), where Li and Fi, i ¼ 1, 2,…, N are defined by Eqs. (6)–(8). Then, Φ: Ĉ(D)! Ĉ(D)
is well defined and contractive in the sup-norm k�k∞. Furthermore, for every j ¼ 0, 1, …, m�1
and f ∈ Ĉ(D), Φ(f)(qj) ¼ zj.

We call the unique attractor of the afore-mentioned IFS a self-affine fractal interpolation surface, or
SAFIS for short, with coplanar boundary data and arbitrary contractivity factors. Figure 5 illustrates
Example 1 constructed in Ref. [4].

4.1.2. Arbitrary boundary data, identical contractivity factors

The chromatic number of a graph is the smallest number of colours needed to colour its vertices
so that no two adjacent vertices share the same colour. Let G be the graph with S as its vertices

and its edges correspond to the decomposition of D to Δif gNi¼1: We assign a colour to each
vertex of the graph through the labelling function l ¼ l(j) ∈ {0, 1, 2}, j ¼ 0, 1, …, m�1; see
Figure 6.
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Figure 4. The generation of an affine fractal surface and its view from above.
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Figure 5. Three views of a SAFIS with coplanar boundary data and arbitrary contractivity factors.
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For i ¼ 1, 2, …, N and j ¼ 0, 1, 2 let k(i, j) be determined by the condition k(i, l(j0)) ¼ j0 for all
vertices qj’ of Δi. Then, for each of the vertices qj of Δi, Eqs. (6) and (7) become

Li qlðjÞ
� � ¼ qj and Fi qlðjÞ, zlðjÞ

� � ¼ zj: ð9Þ

Let Ĉ(D) denote the collection of continuous functions f such that f(qj) ¼ zj, qj ∈ ∂D.

Theorem 4.1.2. Suppose the graph associated with Δif gNi¼1 has chromatic number 3. Let Li and
Fi, i ¼ 1, 2, …, N be determined by Eqs. (8) and (9) with si ¼ s ∈ (�1, 1). Let Φ be defined by
Eq. (5). Then, Φ: Ĉ(D) ! Ĉ(D) is well defined and contractive in the sup-norm k�k∞. Further-
more, for every j ¼ 0, 1, …, m�1 and f ∈ Ĉ(D), Φ(f)(qj) ¼ zj.

We call the unique attractor of the afore-mentioned IFS a self-affine fractal interpolation surface, or
SAFIS for short, with arbitrary boundary data and identical contractivity factors. The colouring of
Theorem 4.1.2 is also known as ‘consistent triangulation’ within the context of computational
geometry. We will be using this term from now on, for simplicity. Figure 7 illustrates Example
2 constructed in Ref. [4].
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Figure 6. Domain for fractal interpolating surfaces over triangular lattice and possible subdomains.
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Figure 7. Two views of a SAFIS with arbitrary boundary data and identical contractivity factors.
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4.1.3. Arbitrary boundary data, arbitrary contractivity factors

Zhao in Ref. [7] deploys a piecewise linear function γ over the graph G of the IFS. Let G be the
graph mentioned earlier and S its vertices. We assign a value s ∈ (�1, 1) to each vertex by
defining for all i ¼ 1, 2, …, N the piecewise linear function γ ¼ γi: R2! (�1, 1) as follows

γiðqÞ ¼
βsðqkði,0Þ, qkði,1Þ, qkði,2Þ, qÞ, q∈Δi

0, otherwise
,

�

where βs is the barycentric interpolation function with the attribute s as coefficient

βsðqa, qb, qc, qÞ ¼
kðq� qaÞ � ðq� qbÞksc þ kðq� qbÞ � ðq� qcÞksa þ kðq� qcÞ � ðq� qaÞksb

kðqa � qbÞ � ðqc � qbÞk
:

Theorem 4.1.3. Consider the IFS {S; w1�N} and the corresponding graph G described above
that also fulfils the conditions mentioned in Theorem 4.1.2, except for the usage of identical
scaling factors over the whole surface. For each transformation wi, we substitute the scaling
factors si with the function γi described above, so the map Fi becomes for all i ¼ 1, 2, …, N

Fiðx, y, zÞ ¼ eixþ f iyþ γiðLiðx, yÞÞzþ gi:

Then, the unique attractor of the IFS mentioned previously is the graph of a continuous
function f that passes though the points ðqj, zjÞ, qj ∈ S, j ¼ 0, 1, …, m�1.

We call the unique attractor of the afore-mentioned IFS a self-similar fractal interpolation surface, or
SSFIS for short, with arbitrary boundary data and contractivity factors. The assignment of the scaling
factor value sj, j ¼ 0, 1, …, m�1 to each vertex can be done either during the parameter identifi-
cation process or can be inferred via a given set of vertical scaling factors {s1, s2,…, sN}, where each
si corresponds to Δi, i ¼ 1, 2, …, N. The technique is identical to the calculation of the vertex
normal vectors on the Gouraud and Phong shading models, where the facets of the mesh are the
sub-regions Δi, i ¼ 1, 2,…, N. Compare and contrast Figures 6 and 9 of Ref. [7] with Figure 8.

4.2. Recurrent affine fractal interpolation

Let D be a polygonal domain, Δif gNi¼1 a triangulation of D consisting of non-degenerate tri-
angles with non-intersecting interiors whose union is D and S ¼ {q0, q1, …, qm�1} be the set of

vertices of Δif gNi¼1. Let δkf gMk¼1 be M triangles each of which is a union of some subset of
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Figure 8. Two views of a SSFIS with arbitrary boundary data and contractivity factors.
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Δif gNi¼1; see Figure 9. We order S so that the first n points {q0, q1,…, qn�1} ⊂ S are the vertices of

δkf gMk¼1.

4.2.1. Coplanar boundary data, arbitrary contractivity factors

We call l: {1, 2, …,N} ! {1, 2, …, M} a Δ-labelling which associates the vertices of Δi with the
vertices of some δk. If Pk are non-vertical planes in R3, let Ĉ(D) denote the collection of
continuous functions fk = f jΔi

: δk! R such that (x, fk(x)) ∈ Pk for all x ∈ ∂δk.

Theorem 4.2.1. Suppose the points {(qj, zj) : qj ∈ ∂δk} are contained in the planes Pk ⊂ R3 for
every k. Let Φ be defined by Eq. (5), where Li and Fi, i ¼ 1, 2, …, N are defined by Eqs. (6)–(8).
Then, Φ: Ĉ(D) ! Ĉ(D) is well defined and contractive in the sup-norm k�k∞. Furthermore, for
every j ¼ 0, 1, …, m�1 and f ∈ Ĉ(D), Φ(f)(qj) ¼ zj.

We call the unique attractor of the afore-mentioned RIFS a recurrent self-affine fractal interpola-
tion surface, or RSAFIS for short, with coplanar boundary data and arbitrary contractivity factors.

4.2.2. Arbitrary boundary data, identical contractivity factors

We call l: {0, 1, …, m�1} ! {0, 1, …, n�1} a Δ-labelling associated with δkf gMk¼1 and Δif gNi¼1 if
{ql(j), ql(j'), ql(j”)} are the vertices of some δk whenever {qj, qj', qj”} are the vertices of some Δi; see
Figure 10.

Theorem 4.2.2. Let l be a Δ-labelling associated with the triangulations Δif gNi¼1 and δkf gMk¼1. Let
Li: R2 ! R2 and Fi: R3!R be the unique affine maps satisfying (9) with si ¼ s (|s| < 1). Let Φ be
defined by Eq. (5). Then, Φ: Ĉ(D)!Ĉ(D) is well defined and contractive in the sup-norm k�k∞.
Furthermore, for every j ¼ 0, 1, …, m�1 and f ∈ Ĉ(D), Φ(f)(qj) ¼ zj.

Geronimo and Hardin in Ref. [4] have showcased a two-dimensional multi-resolution analysis.
Based on their work, we have created acceptable colourings of graphs with any desirable
density, by solving the problem on a small instance that we call pattern graph. If the solution
has the identity of self-similarity, the density of the graph is then enhanced by interpolating the
pattern with a RIFS defined on the metric space of the undirected graphs. With the help of a
geometric predicate, we unify the resulting points into a single graph that now has the desired
density. The results are illustrated in Figure 11.
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Figure 9. Domain for fractal interpolating surfaces over polygonal lattice and possible subdomains.
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We call the unique attractor of the afore-mentioned RIFS a recurrent self-affine fractal interpola-
tion surface, or RSAFIS for short, with arbitrary boundary data and identical contractivity factors.
Figure 12 illustrates Example 3 constructed in Ref. [4].

4.2.3. Arbitrary boundary data, arbitrary contractivity factors

The map Fi becomes for all i ¼ 1, 2, …, N, Fiðx, y, zÞ ¼ eixþ f iyþ γiðLiðx, yÞÞzþ gi:
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Figure 11. Examples of increasing the density of partially self-similar coloured graphs.

Figure 12. Two views of a RSAFIS over polygonal domain with arbitrary boundary data and identical contractivity
factors.
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Theorem 4.2.3. Suppose the graph associated with Δif gNi¼1 has chromatic number 3. Let Li and
Fi, i ¼ 1, 2,…, N are defined by Eqs. (6)–(8) and Φ be defined by Eq. (5). Then, Φ: Ĉ(D)!Ĉ(D) is
well defined and contractive in the sup-norm k�k∞. Furthermore, Φ(f)(qj) ¼ zj, j ¼ 0, 1, …, m�1
and f ∈ Ĉ(D).

We call the unique attractor of the afore-mentioned RIFS a recurrent self-similar fractal interpola-
tion surface, or RSSFIS for short, with arbitrary boundary data and contractivity factors. We illus-
trate this construction in Figure 13.

5. Conclusions, extensions and future work

We have presented an overview of affine interpolation as well as of recurrent affine interpola-
tion using fractal functions in one and two dimensions. The effectiveness of a self-affine fractal
model is limited to the types of data: only those data that are self-affine, or nearly so, are well
represented. Since most data are not self-affine, the piecewise or recurrent self-affine fractal
model may be a suitable alternative tool.

Nevertheless, our future work should focus on the parameter identification of fractal interpo-
lation surfaces. More methods must be explored, including the ones for self-affine FIS’s and the
vertex-based ones, while a better sampling technique for the heights is needed. For the recur-
rent FIS’s, it is utmost important to connect the domains with the subdomains that they
resemble the most instead of determining the connections through an arbitrary colouring
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scheme. Therefore, a premise for future work is to find the optimal connections between
domains and subdomains through a statistical analysis and then, starting from a feasible
solution, to perform a heuristic local search with the intention to minimise the distance
between current connections, implied by the current colouring, and those of the optimal
solution. Moreover, methods to construct FIS, other than those based on the iterated function
systems, exist, including the ones that use wavelets and tensor products, in which they should
be also studied.

Many areas of fractal functions and their applications are yet to be explored, for instance,
calculating the Hausdorff dimension of a general FIF is a challenging open problem. By believing
that the field of fractal functions has bright future, the reader, in order to be able to contribute to
it, should leave the idea of staying in the comfort of well-known classical approximation theory
and start enjoying the benefits of the more versatile fractal approximants, to supplement the
former if not to replace it.

Author details

Sean Dillon1 and Vasileios Drakopoulos2*

*Address all correspondence to: vdrakop@uth.gr

1 Department of Informatics and Telecommunications, National and Kapodistrian University
of Athens, Athens, Greece

2 Department of Computer Science and Biomedical Informatics, University of Thessaly,
Lamia, Greece

References

[1] Barnsley MF. Fractal functions and interpolation. Constructive Approximation. 1986;2
(1):303–329. DOI: 10.1007/BF01893434

[2] Barnsley MF. Fractals Everywhere. 2nd ed. San Diego: Academic Press Professional; 1993

[3] Massopust PR. Fractal surfaces. Journal of Mathematical Analysis and Applications.
1990;151(1):275–290. DOI: 10.1016/0022-247X(90)90257-G

[4] Geronimo JS, Hardin D. Fractal interpolation surfaces and a related 2-D multiresolution
analysis. Journal of Mathematical Analysis and Applications. 1993;176(2):561–586. DOI:
10.1006/jmaa.1993.1232

[5] Hardin DP, Massopust PR. Fractal interpolation functions from Rn into Rm and their pro-
jections. Zeitschrift für Analysis und ihre Anwendungen. 1993;12(3):535–548. DOI: 10.4171/
ZAA/549

Fractal Analysis - Applications in Health Sciences and Social Sciences204



[6] Wittenbrink CM. IFS fractal interpolation for 2D and 3D visualization. In: VIS ‘95 Proceed-
ings of the 6th Conference on Visualization ‘95; 29 October–03 November 1995; Atlanta, GA.
IEEE; 1995. pp. 77–84. DOI: 10.1109/VISUAL.1995.480798

[7] ZhaoN. Construction and application of fractal interpolation surfaces. The Visual Computer.
1996;12(3):132–146. DOI: 10.1007/BF01725101

[8] Massopust PR. Fractal Functions, Fractal Surfaces and Wavelets. 2nd ed. San Diego:
Academic Press; 2016.

[9] Drakopoulos V, Bouboulis P, Theodoridis S. Image compression using affine fractal inter-
polation on rectangular lattices. Fractals. 2006;14(4):259–269. DOI: 10.1142/S0218348X0
6003271

[10] Zhang T, Liu J, Zhuang Z. Multi-dimensional piece-wise self-affine fractal interpolation
model in tensor form. Advances in Complex Systems. 2006;9(3):287–293. DOI: 10.1142/
S0219525906000756

[11] Zhang T, Zhuang Z. Multi-dimensional self-affine fractal interpolation model. Tsinghua
Science and Technology. 2007;12(3):244–251. DOI: 10.1016/S1007-0214(07)70036-6

[12] Zhang T, Liu J, Zhuang Z. Multi-dimensional piece-wise self-affine fractal interpolation
model in tensor form. Nonlinear Dynamics. 2008;52(1):83–87. DOI: 10.1007/s11071-007-
9259-5

[13] Vijender N, Chand AKB. Shape preserving affine fractal interpolation surfaces. Nonlinear
Studies. 2014;21(2):175–190

[14] Drakopoulos V. Fractal-based image encoding and compression techniques. Communi-
cations-Scientific Letters of the University of Zilina. 2013;15(3):48–55

[15] Hutchinson JE. Fractals and self similarity. Indiana University Mathematics Journal.
1981;30(5):713–747. DOI: 10.1512/iumj.1981.30.30055

[16] Barnsley MF, Demko S. Iterated function systems and the global construction of fractals.
Proceedings of the Royal Society of London. Series A, Mathematical and Physical Sci-
ences. 1985;399(1817):243–275. DOI: 10.1098/rspa.1985.0057

[17] Barnsley MF, Elton JH, Hardin DP. Recurrent iterated function systems. Constructive
Approximation. 1989;5(1):3–31. DOI: 10.1007/BF01889596

[18] Hoggar S.G., Mathematics for computer graphics. Cambridge: Cambridge Univ. Press;
1992

[19] Navascués MA, Chand AKB, Veedu VP, Sebastián MV. Fractal interpolation functions: A
short survey. Applied Mathematics. 2014;5(12):1834–1841. DOI: 10.4236/am.2014.512176

On Self‐Affine and Self‐Similar Graphs of FIF's Generated from IFS's
http://dx.doi.org/10.5772/intechopen.68499

205





Chapter 10

Pair-Pair Angular Correlation Function
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Abstract

In addition to the Hausdorff dimension used as fractal characterization parameter, in 
general, correlation functions can also be employed for this purpose. Given the approxi-
mately pure random spatial dispersion of big part of natural fractals, with respect to the 
center of a reference frame, the most common use of the pair-to-pair correlation func-
tion has as main variable the radial distance between two elements of the fractal. Such 
an approach is extremely practical, since the fractal basic structure statistically presents 
some kind of isotropy. For the cases where the fractal growth is not isotropic, the use of a 
pair-to-pair angular correlation function can detect a fractal pattern may be worthy. This 
will be the topic that is going to be discussed in this chapter, how to implement, discuss 
and visualize a pair-to-pair angular correlation function.

Keywords: characterization, correlation functions, fractal growth

1. Introduction

Several fractal structures show morphological properties that can be mapped and studied by 
means of a great amount of geometric parameters. Such definitions generally seek to directly 
and precisely evidence some physical and structural properties of the object. The Hausdorff 
dimension [1], recognized as the fractal dimension of a given object, represents a characteristi-
cally stationary information of the fractals, that is, it returns an image about the morphology 
after its formation. In general, this type of parameter becomes very effective in the charac-
terization of several fractal types or different samples, where the process of formation of the 
same is well-known, such as the case for the deterministic fractals.

However, the most interesting fractals to be analyzed are those found in nature where 
the growth processes are not well known. In order to investigate and determine the main 

© 2017 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use,
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phenomena involved in the formation of these fractals, it is vitally important to charac-
terize the growth process of these objects. In this context, we can introduce the pair-pair 
correlation functions [2].

Statistically speaking, the pair-pair correlation functions return probabilistic information 
related to the dispersion of the constituent parts, taken as fractal singularity elements, to be 
found by a given characteristic separation. This statistical tool has applications within the anal-
ysis of fractal structures and is also commonly used in studies of Molecular Physics, in the 
analysis and interpretation of simulations of classical molecular dynamics (CMD). Using the 
taxonomy appropriate to this large area of knowledge, this function is called radial distribution 
function (RDF) [2]. As structurally CMD simulations require radial information, the most rel-
evant spatial data retrieval takes into account that the dispersion of the particles to be investi-
gated follows a spherical symmetry, hence only analyzing the radial dispersion of the particles.

In fractals with dendritic structures, such as diffusion limited aggregation (DLA) [1], which is 
a good representation of several physical and biological phenomena in nature, such as crystal 
growth, formation of polymers, sedimentation processes, among others or deterministic frac-
tals of the group of Julia [3], this type of analysis, through the functions of pair-pair correla-
tion, can elucidate the process of branching for the obtained structures.

Knowing how this process develops can helps the scientists to predict the behavior of the 
Hausdorff dimension of the fractals analyzed, and the fractal morphologies. In the next ses-
sion, we will present the basic definition of a DLA fractal in a 2D (two dimensional) per-
spective, which will be the basic archetype for the formal presentation of radial and angular 
correlation analysis, which will have a basic explanation of the implementation and subse-
quent analysis of the results obtained.

2. DLA and radial correlation function

Formally, the diffusion limited aggregation (DLA) was initially studied by Witten and Sander 
in 1970 [4], and consists of a process of simple aggregate formation that emulates processes 
of dendritic structures that grow through diffusion, as is the case with of electrodeposition 
phenomena of solid materials in homogeneous solutions or polymerization process. From a 
computational modeling point of view, DLA aggregates can be obtained on-lattice and off-
lattice, two dimensions (2D) and in three dimensions (3D) both initialized with a single depos-
ited particle, called the seed. Given the diffusive characteristics of the system, all particles are 
taken as identical and run random walks, until they come into contact with the aggregate 
when they stop moving and are permanently added to it.

There are several variants of the DLA model, and several ways to obtain a DLA-type aggre-
gate [5]. However, given the statistical properties of the random walk, the simplest way to 
perform such a simulation is to individually draw each particle and perform several steps of 
a random walk until one of two events may occur: First, if the particle comes into contact with 
some particle of the aggregate, the path is terminated and another particle is thrown at a fixed 
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distance from the seed, called the radius of launch Rlau, or second, particle reaches a position 
far from the seed, this distance called death ray Rkill, the probability of the particle to return by 
means of a random-walk and contact with the aggregate becomes very low, hence the walk is 
finished and another particle is thrown. In general, the launching radius is equal to the sum of 
the radius of the aggregate Ragg with a sufficiently large distance, to avoid a trend in aggregate 
growth. Since the particles are all identical, the rays of the particles are taken to be the basic 
unit (arbitrary unit). In general, Rkill ≫ Rlan. The position of the walking particle launched is 
determined randomly at the launch circle. A schematic diagram of the basic structure of a 
DLA can be seen in Figure 1.

The most delicate part of a DLA simulation is the aggregation test. In the on-lattice cases, the 
test consists of the investigation of the elements of a regular network in the surroundings of 
the aggregated particles, if any element in the vicinity of the walking particle is occupied, 
it means that the particle has reached the aggregate and must be glued to it, see Figure 2. 
In the off-lattice cases, the aggregation is more complicate, since it must be checked at every 
step if the distance from the center of the walking particle to the center of all the aggregated 
particles is not less than twice the radius of the particles, if this occurs, the aggregation must 
be performed. However, double caution must be taken because in these configurations the 
overlap of particles must be avoided, see Figure 2(b). Several works in the literature have 
explored algorithms that talk about this problem [6, 7].

As observed by the dendritic growth exposed at Figure 2(a) and (b), the on-lattice simulations 
have typical different features when compared to the off-lattice simulations, and one special 
form to quantify this difference is the angular pair-pair correlation function that is discussed 
in Section 3.

Figure 1. 2D DLA off-lattice containing 103 identical particles, showing the respective radii of the aggregates used during 
the simulation.

Pair-Pair Angular Correlation Function
http://dx.doi.org/10.5772/67940

209



There are some types of DLAs that, instead of using a radial configuration for the launch of 
particles, they use a line (2D) or a plane (3D) and limitate the walk of the particles between 
the launching line/plane and parallel line/plane that contains the seed particle. see Figure 3. 
Although visually the two DLAs, planar-based growth and radial growth, are very different, 
both typically have a fractal dimension of approximately 1.71 for 2D cases [7].

The typical pair-pair correlation function c (r) directly measures the probability of finding 
two particles separated by a given radial distance. In classical molecular dynamics simula-
tions, this type of function is called radial distribution function g(r) [2], and may characterize, 
among other things, the formation of micelles, clusters, and in some cases chemical bonds.

Mathematically, in the case of fractals, this radial function can be calculated as

  c(r ) =   1 __ N    ∑       ∑       (   r →   −   |    →  r  i    −   →  r  j    |    )     (1)

where  δ  (    r →   −   |    →  r  
j
    −   →  r  

i
    |    )     is equal to the unit for the case of particles separated by a given radial 

separation r and zero otherwise. N is exactly the total number of particles added.

The radial feature of this distribution does not prevent it from being used in fractals that do not 
present radial symmetry, as is the case of planar-based DLA, but its analysis must be performed 
with more cautious. From the computational point of view, it is very rare for the particles to 
be perfectly separated by the distance r. Effectively, an average histogram-like calculation is 
made for the above summation as follows: every aggregate particle is taken as the center of a 
spherical/circular shell/ring in the surroundings of this particle. The thickness of this shell/ring 
is δr. It is counted how many particles have their centers within this ring of radius r and thick-
ness δr, - see Figure 4. At the end of the calculation, the summation is divided the value by N.

When this calculation is performed for different values of r, going from 1 unit to RAgg which is 
the characteristic size of the aggregate, we can determine a continuous curve, and to denote 
characteristics of probability distribution to this function. In general, this function is normalized 

Figure 2. (a) Aggregation test in a 2D on-lattice DLA, white sites represent empty space, black sites represents spaces 
occupied by aggregate particles and gray site represents the walking particle. (b) DLA 2D off-lattice aggregation test, 
black circles are aggregate particles and the gray circle is the walking particle.
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with the integral of the function obtained in the domain of the function, or it is rescaled based 
on the maximum value Max(c(r)) of the function.

In the case of a typical DLA, c(r) behaves similarly to that shown in Figure 5. Note that there 
is a global maximum and no other intermediate peaks. This value of r for which c(r) reaches 

Figure 4. Schematic diagram of the calculation of c(r) by accounting for a histogram of the radial correlation function for 
a 2D DLA particle. Black circles are aggregate circles, the centered gray circle is the center of the circular ring, and gray 
circles are the circles accounted due to their centers are within the circular ring of thickness δr.

Figure 3. (a) DLA 2D with 103 particles deposited on-lattice for the case where the seed is deposited in a plane and the 
particles are thrown on top a plane.

Pair-Pair Angular Correlation Function
http://dx.doi.org/10.5772/67940

211



a maximum value means the most likely average separation between the particles. As there 
is only this peak, the aggregate is expected to exhibit isotropy in its morphology, or there is 
no trend in aggregate growth. In cases where the aggregate has one of the branches more 

Figure 6. (a) DLA 2D off-lattice containing 2 × 103 particles containing one of the branches more developed than the other 
branches and (b) pair-pair radial distribution function referring to DLA of item (a) of this figure.

Figure 5. Radial distribution function for the 2D off-lattice DLA containing 104 particles of Figure 1.
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developed than the others, there is a change in this distance, and one of the peaks ends up 
becoming a peaked function, see Figure 6. The maximum of the function is shifted from its 
original position, making evident that exist an anisotropy at the aggregate, but cannot be the 
finally proven to be a signature of the anomalous growth of the fractal.

3. Angular pair-pair correlation function

The manner in which the dendrites of a DLA-type aggregate or other branched fractal are 
formed may be extremely relevant in their characterization. One way to characterize such 
branching is by calculating the angular pair correlation function c(θ).

Using the primitive ideas of c(r), the pair-pair angular correlation function is nothing more 
than a probabilistic measure that we can find two aggregated particles, or two infinitesi-
mal parts of the fractal, separated by an angular aperture (θ) one of the others. That is, 
we indirectly measure which angles of openings are more or less likely to be of branch 
bifurcations.

Mathematically, the correlation function c(θ) is

  c(θ ) =   1 __ N    ∑       ∑      δ  (  θ −   |   θ  i   −  θ  j   |    )     (2)

where  δ  (  θ −   |   θ  
i
   −  θ  

j
   |    )     is equal to unity since particles i and j are separated by an angular separa-

tion θ. N remains the total number of particles added to the aggregate.

Computationally speaking, it is also very complicated to determine θ angle, for this, we again 
perform the calculation of c (θ) by means of a histogram, which is executed as follows: all 
aggregated particles are taken as the center of of circular sectors with angular opening δ(θ), 
centered on (θ), with (θ) being calculated as the angle based on the polar axis created on the 
particle analyzed, see Figure 7.

The aggregate particles that have their center inside the circular sector are accounted for in the 
histogram. After the calculation is performed for all aggregated particles, the sum is divided 
by the total number of particles added.

Similarly to the case of c(r), one can normalize the function c(θ) or simply rescale it with its 
maximum value for a better visualization of it.

In the case of a typical 2D DLA, such a function can be seen in Figure 8. Note that again DLA 
growth isotropy returns us a function that is periodic with respect to the angle π and all 
dendrites grew at a periodic aperture, with multiple peaked angles at this interval. In cases 
where c(θ) presents more than one direction of growth, such a phenomenon may be associ-
ated with some anisotropy in fractal growth, similar to that presented in Ref. [8]. In general, 
these anisotropies are associated with symmetry breaks in the process of aggregate formation 
[8]. And such a mathematical tool is extremely useful and effective in the process of quantifi-
cation of this phenomenology. As can be obser ved on the c(θ) function shown in Figure 9, for 

Pair-Pair Angular Correlation Function
http://dx.doi.org/10.5772/67940

213



Figure 8. Rescaled c(θ) for the typical 2D DLA shown in Figure 1 performed as described in Section 3.

Figure 7. Schematic diagram of c(θ) calculation, for the 2D case the centered gray is the particle selected to be the 
center of the circular sector, the black circles are the aggregate particles and the gray circles are the particles that will be 
accounted for in the histogram. The black filled line is the polar axis associated with the selected particle, the black dotted 
lines is the centerline of the circular sector with opening δθ centered in angular position (θ).
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the anisotropic DLA, presented in Figure 6(a), is visible that the peaked functions at the spe-
cific angle of approximately {π/2, 3π/2} radians are associated with the anomalous branches 
that grew bigger than the rest of the aggregate.

Obviously, the Hausdorff dimension of these anisotropic structures also change, but mean-
while, the calculations of c(r) and c(θ) end up corroborating the morphological changes advo-
cated by a primary fractal dimension calculation.

There are cases in which the constituent species of the fractal/aggregate end up being differ-
ent from each other, as was discussed in the paper [9]. In this case, it was necessary to create 
a correlation function for each of the species of particles involved in the aggregation growth 
process. This example proves the malleability of this type of function in the determination of 
morphological characteristics of the aggregates.

4. Conclusion

As observed throughout this chapter, the determination of the main characteristics associated 
with the morphological structures of two-dimensional fractals, especially those with dendritic 
properties and radial dispersion, involves the determination of  angular correlation functions 

Figure 9. Rescaled c(θ) for the typical 2D DLA shown in Figure 6(a) performed as described in Section 3.
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c(θ) that may be useful at the capture of this characteristics. Investigations associated with dif-
fusive processes such as crystal growth, neuronal formation, some types of tumoral growth, 
polymerization processes, deposition of materials, electric discharges, the formation of per-
colation networks among others are some of the examples that can be approached quantita-
tively by this mathematical tool.
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we present the latest advances in cardiovascular signs, kidney images to determine 
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