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Abstract.  'We show here that by modifying the eigenvalues A < A3 < 0 < A1 of
the geometric Lorenz attractor, replacing the usual ezxpanding condition Az + A; >
0 by a contracting condition A3z + A1 < 0, we can obtain vector fields exhibiting
transitive non-hyperbolic attractors which are persistent in the following measure
theoretical sense: They correspond to a positive Lebesgue measure set in a two-
parameter space. Actually, there is a codimension-two submanifold in the space of
all vector fields, whose elements are full density points for the set of vector fields that
exhibit a contracting Lorenz-like attractor in generic two parameter families through
them. On the other hand, for an open and dense set of perturbations, the attractor
breaks into one or at most two attracting periodic orbits, the singularity, a hyperbolic
set and a set of wandering orbits linking these objects.

0. Introduction

Let M be a manifold. Denote V"(M) the Banach space of C” vector
fields with uniformly bounded derivatives, endowed with the usual C”
norm. If X € V(M) denote X*: M <« the flow of diffeomorphisms
generated by X. There exist various definitions of attractors. We shall
use the strongest one: a set A C M is an attractor of X € V"(M) if it
is compact, invariant under X, transitive (i.e. it contains dense orbits)
and it has a compact neighborhood U such that

A= XYU).
t>0

A compact neighborhood U of A satisfying the above property is
called a local basin of A.
Moreover we say that A is persistent (in the C” topology) if it has a
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234 ALVARO ROVELLA

local basin U such that setting.

Ay = U Yt(U)7
t>0

then Ay is an attractor for every Y in a C" neighborhood of X.

Typical persistent attractors are the hyperbolic attractors. In di-
mension 3, a Cl-persistent attractor without singularities has to be
hyperbolic [M1]. In every dimension > 3 examples of non hyperbolic
Cl-persistent attractors without singularities are known.

Allowing singularities, there exist Cl-persistent attractors even in
dimension 3. This was discovered by Guckenheimer in 1975. Motivated
by an algebraically very simple differential equation on R3 proposed by
Lorenz [L] as a finite dimensional approximation of the evolution equa-
tion of atmospheric dynamics, Guckenheimer produced a C° vector-
field X on R? having a C! persistent attractor A containing a singular-
ity with eigenvalues Ay < Az < 0 < A1 and Ay + A3 > 0. The attractor
A became known as the geometric Lorenz attractor, but so far it is still
unknown whether the original Lorenz equations contain such an object.
Richlik, [R], has proved its existence in a differential equation close to
that of Lorenz. Beside its persistence, the geometric Lorenz attractor
has other surprising properties, like having modulus of stability 2, but
we shall not pursue that line of properties.

Here we shall consider a vector field almost identical to that used by
Guckenheimer, but with the eigenvalues of the singularity being Ao <
A3 < 0 < A1 and satisfying A\; + A3 < 0. It will be constructed so
that it has an attractor A containing the singularity, but this attractor
won’t be persistent. In a neighborhood U there will be an open and
dense set of vector fields for which the attractor breaks up into one, or
at most two, attracting periodic orbits, a hyperbolic set, the singularity
and wandering trajectories linking these objects. But on the other hand,
A will have a compact neighborhood U such that

A= (X5,
t>0
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THE DYNAMICS OF PERTURBATIONS 235

and, for a positive measure set of vector fields X € U, the set
Ax = [ X'U)
t>0
is an attractor of X.

To give an accurate meaning to this measure theoretical property,
we shall introduce a concept of full density point of a subset of a Banach
space, attempting to generalize the usual concept of full density point
of a subset of a finite dimensional manifold. Recall that given a subset
S of a finite dimensional Riemannian manifold M, we say that = is a
density point of S, if, denoting m the Lebesgue measure, and B,(x) the
ball of radius r and centered at x, we have:

_ m(Br(z)N8)

lim ——————= =

r—0  m(B.(x))
Definition. Given a subset S of a Banach space E, we say that x € Sisa
point of k-dimensional full density of S if there exists a C'*° submanifold
N C FE, containing z and having codimension k, such that for every k-
dimensional manifold M intersecting N transversally, then every point
of NN M is a point of full density of SN M in M.

Definition. We say that an attractor A of X € V(M) is k-dimensionally
almost persistent, if it has a local basin U such that X is a k-dimensional
full density point of the set of vector fields ¥ € V(M) for which Ay =
Mi>oY 4 (U) is an attractor.

Now we can state our result:

Theorem. There exists a C* vector field Xq in R3 having an attractor

A containing a singularity, and satisfying the following properties:

(a) There exist a local basin U of A, a neighborhoodU of Xy, and an open
and dense subset Uy, of U, such that for all X € U], Ax = ﬂtZQXt(U)
consists of the union of one or at most two attracting periodic or-
bits, a hyperbolic set of topological dimension one, a singularity, and
wandering orbits linking them.

(b) A is 2-dimensionally almost persistent in the C° topology.

The usual Lorenz attractor is analyzed by showing that its dynamical
properties are in correspondence with those of a map of the interval
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236 ALVARO ROVELLA

f:]—1,1] «>, with a graph of the form shown in figure 1, with derivative
> 1. In our case, a similar reduction is possible, but it leads to a map
of the form shown in figure 2, with derivative 0 at z = 0. This is due to
having A1 + Az < 0 instead of A1 + A3 > 0.

Figure 1

Figure 2

This kind of maps, associated to contracting Lorenz attractors was
first discussed by Arneodo, Coullet and Tresser [ACT]|. Their interest,
however, was on the appearance of cascades of bifurcations as a tran-
sition to chaotic behaviour, and not on the persistence of the attractor
like in the present paper.

Property (b) of the theorem follows applying to this map the meth-
ods of Benedicks and Carleson [BC1], [BC2], suitable modified.

The open and dense set in property (a), where the vector field ex-
hibits what can be described as Axiom A dynamics, follows also from
analyzing this map and exploiting its monotonicity property.
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I. Description of the Initial Vector field
In this section we will describe the initial vector field, Xy. In the next
one we will study its perturbations.

Xj is a C* vector field in R? with a singularity at the origin, whose
eigenvalues satisfy —Ag > —A3 > A1 > 0, and whose eigenvectors are
supposed to have the directions of the coordinate axis. We will also
assume that X is linear in a neighborhood of the origin containing the
cube {(x,y, z):|z|, |y, |2| < 1} Both trajectories of the unstable manifold
of the singularity intersect (), the top of the cube, as in the figure 3:

Figure 3
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238 ALVARO ROVELLA

A local stable manifold of the singularity intersects Q at {z =0}, so
we can consider the first return map Fy defined in @* = Q\{z = 0}.

Figure 4

By a simple calculation using the form of the flow of Xy in the
linearized neighborhood, it is easy to see that the first return map F,
from Q* to {z =1} is:

F(a:,y, 1) = (Lyxraa:s)a
where
r= .
A A1
To obtain Fy, the map F must be composed with a diffeomorphism
which will be supposed to carry lines z = const. in {z = 1} to lines
{y = const} in Q. Moreover, we will assume that the flow of Xj is
such that the lines with the direction of the axis OY (of the strong
stable manifold of the singularity) form an invariant foliation for Xp. In

particular, this implies that in @ Fy has an invariant foliation; then Fj
has the form:

Fo(z,y) = (fo(z), 90(=, 9))
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THE DYNAMICS OF PERTURBATIONS 239

[T
—|

Figure 5

As the flow is smooth and has no singularities between {z = 1} and
@, it follows from the formula for F, that the order of foatz=0Is
s — 1, that is: '

 Jil@)

|5_1 is finite and £ 0.

0 0
For the same reason, the orders of il and 290 at x = 0 are, at

az dy

least, s — 1 and r, respectively.

Next we sill summarize the properties of Xg just described and others
that will be needed in the proofs. After this, we will briefly comment
the new properties.

Properties of: X

1. Xy has a singularity at the origin, whose eigenvalues satisfy:
(1.1) A2 >—=A3> X1 >0
(1.2) r > s+3, where r = —Xa/A1,5 = —A3/A1.
2. There is an open set U in R® containing the cube and the singularity

that is positively invariant under Xp. The first return map Fp: Q* — @
has the form

Fo(z,y) = (fo(z), go(z, y))
Thus, the foliation by lines {y = const.} of @ is invariant under Fp.

3. There is a positive number p that will be supposed sufficiently small
such that the contraction along the invariant foliation of lines y = const.
in U is stronger than p.
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240 ALVARO ROVELLA

4. Properties of fj

(4.1) The order of fyat z =01is s —1 > 0.

(4.2) fo has a discontinuity at = = 0, fo(0F) = —1, f(07) = 1.

(4.3) folz) >0 x#0.

(4.4) maxyso fol@) = fo(1), maxz<o fo(@) = fo(—1

(4.5) The points 1 and —~1 are preperlodlc repelhng, that is, there exist

k=, kv,n,nt such that:

) = ), Get Yt ) >
=) = T, o YU ()

(4.6) fo has negative schwarzian derivative: S(fp) < o < 0.

Remarks.

e Properties (1.1) and (1.2) are open, so they are valid for all X near
Xp.

e We will use (4.5) to prove part (b) of the theorem, and (4.6) to prove
part (a).

e By (4.1), S(fo)(z) — —oo as |x| — 0: this can be seen by direct cal-
culation. Thus (4.6) must the verified only outside a neighborhood
of z =0.

e The property stated in 3 is an hypothesis on the behaviour of the
vector field Xg outside a neighbourhood of the origin. Close to
the singularity, the constant of contraction of the foliation depends
on the relation between the eigenvalues. Property (1.2) gives the
necessary condition to obtain this contraction.

II. Existence of Foliations

In this section we will show that some of the properties of the initial
vector field are still valid for C? perturbations. Let I/ be a small neigh-
borhood of X. Then every X € U has a singularity close to the origin,
whose eigenvalues, A 1(X), A2(X) and A3(X) satisfy the properties (1.1)
and (1.2) of the last section. Furthermore, the trajectories £;(X) and
&2(X) contained in the unstable manifold of the singularity of X, still
intersect the square Q.
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THE DYNAMICS OF PERTURBATIONS 241

In addition we can make U and U smaller to obtain that the open
set U C R3 is positively invariant by the flow of each X € U.

Proposition. For each X € U there is a C3 stable one dimensional
foliation in U invariant under X and that varies continuously with X.

Proof. Let £ = {(z,l):z € U,l is a one dimensional subspace of T,U}.

Fixed a point x € U there is a diffeomorphism between the set of
one dimensional subspaces of T, U and the quotient of the unit sphere
of T, U under identification of antipodal points. This implies that £ is
locally diffeomorphic to SU, the unit tangent bundle of U. We will use
this fact without specific mention.

For each X € U it can be defined a vector field X in £ as follows:
Take x € U and v € T, U a unit vector and put

X(z,v) = (X (@), DXy (v) = (DX4(v), v)v). (1)

The first component in the definition of X (z,v) is a vector in T,U

and the second one is a vector in T,U orthogonal to v; so X(z,v) €
Tiz)L- It is not difficult to check that the flow associated to X is

(D) (v) )

P(t, (z,v)) = <90(t7”3)’ (D) (v)]|

where ¢ denotes the flow of X.

(2)

Now recall from section I that the initial vector field X has an
invariant foliation in U defined by lines {y = const.}. The set of pairs
(z,0) with x € U and [ the direction of the leave passing through x define
a submanifold V of £. V is Xg-invariant because if (z,v) € V than it is
easy to see that ¢(t, (z,v)) € V for ¢t > 0, by formula (2). Now we want
to show that V is 3-normally hyperbolic.

For each (z,v) € V define

Etx,v) = {0} x Tu(Ss)

where 0 is the origin in T,U and S, is the unit sphere in T,U. _
As Ty )V =T (U) x {0} (now 0 is the origin in T;(S,)) we have the
following splitting:

Towyl = Tiaw)Y @ Y, )
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242 ALVARO ROVELLA

To show that Ez‘m ) is X invariant, take a vector w € T,{S;) and the
curve v in £ defined by 7 in £ defined by ~(s) = (z,v + sw). Then we
have:

4 (Dpt)a(v + sw)
o™ 3 P et s sol)
(D‘Pt)x( ) {(Dept)s(v), (DSOt) (w))
= {0, Dpy)y

- (o imen - [Del® 7 )
This proves that EZL ) is D@ invariant and implies

. d _
(DPt) (2,0) (0 w) = —Pr oy

l(Det)e( 'w)H _ {(Det)e(v), (D%)z(w)>
(DPt) (5, (0, w) (3)
fiooirenon] - |De@IF IDgoa)]
On the other hand, it is easy to see that for u € TmU :
(D0) (2.) (13 0) = (Dipe) (), V(g 0y () (4)

where V(z,v) (u) is a vector tangent to S; at the point v involving second
derivatives of the map 4, so it is 0 in the linearized neighborhood of
the origin and has norm bounded by a constant outside:

Iew@ll < Cllul.

To prove that V is 3-normally hyperbolic we have to check that the
rate of expansion in E&U is three times the great expansion of vectors
tangent to V. If (z,v) € V, the direction of v is (0,1,0), so, as we
have supposed in section I that outside a neighborhood of the origin the
contraction along v is given by a small number p > 0, we can diminish p
and use formula (3) to obtain that the expansion in Ez‘x,v) is sufficiently
large if compared with that along V. Now it remains to show this
condition when z is in the linearized neighborhood of the origin. For
this, it is enough to calculate the eigenvalues of X at the point (0, (0,1, 0))
which is the singularity of X. In fact, using (3) we obtain that the
eigenvalues associated to vectors in E(g (01,0)) are —Az + A3 and —Az +
A1(0 < =)Ao + A3 < —Ag + A1); and using (4) it is easy to see that the
eigenvalues associated to vectors in Tig (0,1,0))V are A2 < A3 <0 < Ay
So the condition we need is

—Xo + A3 > 3\
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THE DYNAMICS OF PERTURBATIONS 243

which is precisely hypothesis (1.2) of section I

Once we know that V is 3-normally hyperbolic, we can apply well
known results about such manifolds to obtain that for all X € U the
induced vector field X in £ has an invariant manifold of class C3 and
varying continuously with X (see [HPS]). Now it is easy to see that
this invariant manifold obtained for X induces a C3 invariant stable
foliation for X constituted by one dimensional curves in U. This proves
the proposition.

Now for each X € U we construct a new square close to ¢ (that we
will still call by @) formed by lines of the foliation, so that the first return
map F, to  has an invariant foliation, and we can also put coordinates
(z,y) in @ such that x = 0 correspond to the stable manifold of the
singularity and

Fx(m7 y) = (fm(x)a gw(aja y))

The one dimensional map fx induced by Fx through the foliation
is C3 in z +# 0; 0 is the discontinuity and critical point, and we suppose
that fx(0T) = —1, fx(07) = 1. The order of fx at . =01is sx — 1.
Finally, the maps fx and its three first derivatives depend continuously
on X. Now we have:

Corollary. Each fx has negative schwarzian derivative.

Proof. As sx > 1,lim, 0 S(fx)(z) = —co uniformly in X € /. Outside
a neighborhood of z = 0,5 fx is close to Sfy; as Sfy < 0, the corollary
follows.

In a first version of this paper we proved that the foliations were
only C1*7. Tt was F. Takens who suggested that C3 foliations could
be obtained. Now we can use two well known properties of maps with
negative schwarzian derivative:

(i) Every attracting periodic orbit has a critical point or an extreme

point of the interval in its basin. (Singer’s theorem), [S]).

(ii) Every compact invariant set with all its periodic points hyperbolic
repelling and without critical points, is hyperbolic. (Guckenheimer’s
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theorem, [G]).

IIl. Proof of Part (a) of the Theorem

We want to prove that if I/ is a small neighborhood of Xg, then there
exists Uy, open and dense in U, such that for all X € U4 then non-
wandering set of Ax is hyperbolic.

Lemma 1. All X € U can be perturbed so that the two trajectories of
the unstable manifold of the singularity have attracting periodic orbits
as w-limit.

Suppose this lemma proved and let’s see how part (a) of the theorem
follows from it. Consider the one dimensional maps fx induced by the
vector fields X € Y. The points 1 and —1 (the critical values) correspond
to the separatrices of the unstable manifold. From lemma 1 it follows
that there exists U1 residual in I/ such that for each X & U;:

e fx has one or at most two attracting periodic orbits whose basins
contain the critical points of fx.
e Every periodic orbit of fx is hyperbolic.

As each fx has negative schwarzian derivative, Singer’s theorem
implies that each fx has at most two attracting periodic orbits. In ad-
dition, if X € Uy, the complementary set of the basins of the attracting
periodic orbits is hyperbolic. Hence U is actually open and all X € U4
satisfies part (a) of the theorem.

Proof of Lemma 1. We will consider the one-dimensional maps induced
by each X € U. What we must prove is that every X can be approx-
imated by Y € U such that the points 1 and —1 are both attracted by
attracting orbits of fy.

The transformations:

Y el — wp, (0) C [-1,1]
Yel - wp(07)Cl-1,1]
where wy, (z) denotes the w-limit set of z under fy-, are lower semicon-

tinuous, as it is easy to verify, if considered with topology C3 in the
domain and the Hausdorff topology for closed sets. Therefore, they are
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continuous in a residual of U, and we can assume that X pertains to
this residual and has all its periodic orbits hyperbolic.

Now we will suppose that w fX(l) is not an attracting periodic orbit;
to prove the lemma we must find Y close to X such that wy, (1) is an
attracting periodic orbit.

Claim. If wa(l) is not an attracting periodic orbit, then 0 € wry (1)

If 0 ¢ wry (1) then wy, (1) is hyperbolic. As hyperbolic sets have
empty interior, there e}_dsts a neighborhood V of w fx (1) such that for a
residual set of z € V, f4(z) ¢ V for infinitely many j > 0.

Note that 0~ is the unique preimage of 1, so, from 0 ¢ wa(l) it
follows that 1 ¢ Wy (1). Thus we can perturb fx in a neighborhood
of 1, disjoint of V, such that for the new map, fy, we have f{.(1) ¢ V
infinitely many times. So wf,- (1) is not contained in V' and this gives a
contradiction because we supposed that X was a point of continuity of
the map X — w fX(l). This proves the claim.

So, 0 € wry (1) ifw fy (1) is not an attracting periodic orbit. Suppose
first that 0 can be accumulated by wa( ) from the left, that is: there
exists a sequence ky — 0o such that f (1) <0 Vn, and ff{‘(l) — 0

It is not difficult to see that given § > 0 there exists Y € U at a
distance less than § from such X such that:

fr(@) = fx(@) Vo fy(z) > fx(@)+6/2 V|z| >0
where zg is chosen so that |fy(z)] < € implies |z| > xg, for all Y € U

and ¢ small enough.

Claim. There exists j > 0 such that fg((l) <0< f{}(l).

Assuming the contrary we prove by induction that f{,(l) > fg((l)
for all 7 > 0: this is very simple because fy > fx and both maps are
increasing in [—1, 0] and in [0, 1]. Furthermore, it follows that fj+1( 1) —

jH ) > 6/2if ijl( 1) € (—¢,0), ¢ a small constant. Now take n; such
that ka(1) € (—6,0), and note that:

—fXEW = ) - ) > 62
This contradicts the fact that f;’“(l) — 0 and proves the claim.
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This implies that there exists Yy at a distance of X less than 6 such
that f{,o(l) = 0; so fy, has a super attractive periodic orbit. Now it
is easy to see that we can find Y close to Yy and such that fy has an
hyperbolic periodic attractor whose basin contains 1. This proves the
lemma under the assumption that wa(l) accumulates on 0 from the
left. Suppose now that this doesn’t occurs; so, as 0 € wy, (1), wy, (1)
must accumulate on 0 from the right.

This implies that ~1 € Wy (1), thus, as we are supposing that Wiy (1)
is not an attracting periodic orbit, then wyy (—1) is not an attracting
periodic orbit. So we can use the first claim to obtain that 0 € wy, (—1).

Now wy,. (1) C wy,(—1) and so 0 is accumulated by wy, (—1) from
the right. Next, as in the second claim, we perturb to obtain that —1
is being attracted by a periodic attractor. This is an open condition, so
we repeat the argument, but now beginning with a vector field X such
that w fX(—l) is an attracting periodic orbit, and so the proof finishes,
because we have two cases: wy, (1) is an attracting periodic orbit, or 0 s
accumulated from the left by w x (1) and in both cases we showed how
to obtain the lemma.

IV. Proof of Part (b) of the Theorem

Each X in a small neighborhood of X, induces a map of the interval,
fx. For Xy this map was denoted by fp: it is defined in [—1, 1], being
that f5(07) =1 and fo(0") = —1; the points 1 and —1 are preperiodic re-
pelling. Let &~ be such that fé“_(—l) and f(’)“+(1) are periodic of periods
n~ and nT. Let’s define

N X el: f§+(1) and fé}_(—l) are periodic
with periods nT and n” respectively .

If I is small enough, we have that IV is a submanifold of codimension
2 containing Xg, and that f§+ (1) and f§{ (—1) are preperiodic repelling.

Let M be a C® bidimensional submanifold of I intersecting N
transversally. We must prove that all vector field in N N M is a full
density point of the set of Y € M such that Ay is an attractor.

Let’s take Yy € M N N, and {Y,},>0, a one parameter family con-

Bol. Soc. Bras. Mat., Vol. 24, N. 2, 1993



THE DYNAMICS OF PERTURBATIONS ) 247

tained in M such that the functions a — fy,(F1) have derivative 1 at
a = 0. We will prove that a = 0 is a full density point of the set of pa-
rameters for which Ay, is an attractor. This, as the next lemma shows,
implies that Y is a 2-dimensional full density point of the vector fields
Y in M such that Ay is an attractor.

Lemma. Let A C R2, and for each § € [0,27) define Ag = {re®:r >
0} N A. Suppose that for all 6 € [0,27),lim,_q —1—m1(A9 N B.) =1, where
m1 denotes Lebesgue measure in R and By is the ball of center (0,0) and
radius € in R2. Then:
mo(AN B)
20 ma(B)
where mo s the two-dimensional Lebesque measure.

Proof. Fix any é > 0 and define
1—6
qu,o = {9 e [0,2m):mi(AN Bl/n) > —n—\/n > nO}-

Observe that {Cgo}nozl is an increasing sequence of sets which union
is [0, 2m), so ml(Cgo) — 2 for all §. Then, denoting by x4(r,#) the
characteristic function of A:

27 1/n
mo(A N Byy,) :/0 d@/o rxa(r, 0)dr
1/n
2/ d@/ rxa(r, 0)dr
cy Jo

1—6

— 1(1-6)2
> n = SyZ A\ T Y
—/O,‘i d@/o .rdr ml(C'n)2 o

The result follows easily.

Thus, as was pointed above, we can consider one parameter families.

Theorem 2. There exists a set E of parameters such that:
e For gll a € E the points 1 and —1 have positive Lyapunov expo-
nents under fy,, that is: there exists A\ > 1 such that (f3, ) (£1) >
AT Vn>0.
e For all a € E the positive orbits of the points 1 and —1 under fy,
are dense in [—1,1].
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e 0 is g full density point of E:
lim lml(E Nnio,a)) =1
a—0 @

Now observe that this theorem implies part (b) of our theorem. In
fact, for each a € E, Ay, is an attractor: its transitiveness follows from
that of fy, because the foliation that gives rise to fy, is stable.

Benedicks and Carleson proved a version of theorem 2 for the quad-
ratic family. Here we will follow their arguments, only proving those
facts that have essential differences. For the rest we refer to [BC1],
[BC2] and [MV].

Proof of Theorem 2. To clarify the notation, denote by ¢, the function
fv,. Before beginning with the proof, we recall some properties of the
maps ¢, that will be needed in the sequel.

V.1 There exist positive constants K7, K9, independent of a (and of ),
such that:

K|z < ¢y(2) < Kila|"
for all a,x, where s = s(a) > 1. To simplify the notation, we will take s
independent of a.

V.2 ¢, € C3. Their derivatives depend continuously on a. So ¢, has
negative schwarzian derivative, for sufficiently small a.

V.3 The functions a — ¢,(1) and a — ©g(—1) have derivative 1 at a = 0.
This is the condition of transversality.

V.4 With the purpose of simplify the notation, we will suppose that the
_points —1 and 1 are fixed by g, so pp(1) > 1 and pp(—1) > 1.
We will begin proving that maximal orbits outside a neighborhood
of the critical points have exponential growth of the derivative.

Lemma 1. There exists Ay > 1 with the following property: given 6 > 0
there exists ag(6) > 0 such that, if

0 <a < ag(d);

4,0%(33)1 >6 V0<j<k—-1 and @lg(m)] <,

then:
(Y () > A§.
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This lemma is one of the basic facts that support the proof of
Benedicks and Carleson. Their initial map, 1 — 222, is C'! conjugated to
an expansive map, 1 — 2|z|: they used this in the proof of the lemma.
We don’t have this fact in our case, hence the proof won’t be so simple.
It will require two new lemmas.

Lemma 1.1. There exist 6o > 0 and X' > 1 only depending on the initial
vector field Xg, and satisfying the following property: Given 6§ > 0, there
exists ag(8) such that for ly| € (6,60) and 0 < a < asg(8), there exists a
time £ > 0 such that |pi(y)| > 8o for 1 < § < £ and (¢4) (y) > N

The orbit of the point z of lemma 1, cannot enter in (-6, §) until %,
but it could intersect (—&g, 8g) before this time; lemma 1.1 controls the
derivative in a piece of orbit beginning at this return to (—&g, 8p).

Lemma 1.2. There exist a1(6p) > 0 and Ag(6p) > 1 such that, if a <
a1(80), [¥hw)| > B0 W0 < j < ko and |@6(w)| < bo, then:
(050Y (y) > (Ao(So))*e.

This seems lemma 1, but permitting a; and Ag depend on §;. How-
ever, §p was fixed in lemma 1.1, so it is easy to see that lemma, 1 follows.

Proof of Lemma 1.1. Let
MZ(a) = max|, .|, Pa(?); and mg(a) = miny 21| Pa(?):

As M(]L(a) = mar(a) and Mj (a) = mg(a), there exist a’ > 0 and
€ > 0 independent of a, such that
s-1

(MF(a))s <ml(a), Va<d, (1)

and a similar formula for M and m_.
Let 69 > 0 be such that |p.(y) £1] < e if |y| < &y. Let |y| € (8, &),
for example, § < y < 9. We define:

Uy, a) =min{j > 1: @ (y) > —1+e}.
1t follows that:
(@5) (W) = () - (51 (2) > Kyy* tmé? (2)

where z = @, (y), m: = m_(a),f = /{y,a) and K1 comes from V.1.
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On one hand, if v, = po(—1) + 1, M. = M (a) and |z + 1] < € we
get:
Pal2) +1 < v+ Me(2 +1),
because @, (—1) +1 = v, and ¢, (2) < M, for |z +1] < . If we put
z = @q(y), it follows, by definition of £ = £(a, y):

-1
0a(z) Sve Y M+ Miz+1) -1
+i=0

Then, as ¢%(z) > ~1 +¢, it follows that:

-1
z+12(e—yaZM§) M (3)

i=0
But on the other hand, property V.1 implies that z + 1 < Kay®/s.
Putting this in (2) and using (3) we obtain:

-1
(¢h) () = K1 (%m 1)) 8 S omgt
. s—1 . (4)
% (f%) S [E_V“FZOMZ} <M8 1/36> |

Now, as ¢ (q, y) < £(a,d), the sum Zf;% M is bounded independently
of y. As v, — 0 when a — 0 we can choose ag(d) such that

-1
; £
VGZM; < 5
0

Then it follows from (4), that:
§—1

—_— ¢
2 6K1 S s me
(¥a)' () 2 7 2 e (E) (W) . (5)

By (1), there exists A7 > 1 such that A < ﬁi—
]\ls_ /s

Finally, #(a, 6p) can be made large, by choosingE a and &y small. Then,
as £ = f(a,y) > £(a,by) we can obtain, from (5), that

() (y) = N*
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Observe that the proof of lemma 1.1 implies that ég and X' can be
chosen independent of the family contained in .

Proof of Lemma 1.2.

Claim. There exists Us, such that if X € Us, and fx has a non-repelling
periodic orbit I, then ' N (—&g, dg) # ¢. In other words, all attracting
or non-hyperbolic periodic orbit for fx with X € Us,, must intersect
(=60, o).

Suppose that this is not true, then there exists a sequence X,, — X,
periodic points p, of period k, for fx,, with ( ff{?l)’ (pr) < 1, and such
that {f% (pn): 0 < j < kn — 1} does not intersect (—dg, 6o).

Let P, = {fg(n (pn):0 < kp — 1}, and let A be the set of limit points
of Up>1Fy. It is easy to see that A is invariant under fy and that
AN (~=d,6) = ¢. Then, as fy has negative schwarzian derivative, A must
be hyperbolic. Then there exist m > 0, A > 1 and a neighborhood V of
A, such that (f{")'(z) > A for all Y near Xy and z € V. But this is a
contradiction because P, C V for all n large.

Claim. There exists m > 0, A > 1 such that, if a is sufficiently small
and @l (x) ¢ (—bp,8p) for all 0 < j < m — 1, then (™) (z) > A™.

Reasoning as in the previous claim, we can find a set A, disjoint form
(—60,80), wo-invariant and closed. Its periodic orbits are repelling, by
the first claim, and so the conclusion follows as before.

This claim implies that (pF)(z) > A* for all k& > m such that
ll(z)| > 6o for all j < k. It only remains to prove that this is also
true for k < m.

As fp has negative schwarzian derivative, and the images of the
critical points are fixed by fg, there exists yz > 1, independent of k, such
that:

F§(2) € (=80, o) implies(fE) (z) > (%)

This is easy to prove looking at the picture of the graph of fé“ re-
stricted to the maximal interval of continuity of f(’f that contains z, as
in figure 6 below. If we denote by [a, b] this interval, then:
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Figure 6

fEb) = f§(z) > 1~ 68y, and
f§(@) — f§(a) 2 1 by,
so there exists u > 1 such that:

f5) — f5(=) - f5(@) ~ fia) S

b—=x T—a

M

This implies that { f(lf)’(m) > i, because the contrary assumption violates
the minimum principle (if g has negative schwarzian, then ¢’ cannot have
a positive minimum). Then property (x) of fy is proved, and, once a
value m is fixed, it extends to a neighborhood of X, for all k¥ < m, that
is:
(f%)(@) >p if fE(@) € (=6, &)

for all £ < m and X in a neighborhood of Xy that doesn’t depends on
§ (only on m and &g). Taking A > 1 such that A™ < p, the proof of
lemma 1.2 is complete.

Now, as in [BC1] or [BC2|, we will exclude the parameters that don’t
verify the following basic dssumptionz

Ph(-1)| > e (BA)

P = e,

(o is a positive small constant).
Consider a time k for which }golg(l)l < 6, and suppose that the pa-
rameter a is not excluded by application of the (BA). Then we define the
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binding period associated to o and k as the maximal period 1 < 7 <1p
such that, for some small 5 > 0:

PEFI() — @M=D) < e, k(1) >0, and

ee () — el ) < e, i) <.

Then, during the binding period, the orbit of <p§+1(1) is close to that
of 1 (or —1). Thus, the arguments will contain an induction hypothesis.
Let A1 be such that 1 < A1 < Ag. We assume that

@)@ >N, (@) (=) >N, Yi<j<k

Thus, the first item of theorem 2, is proved for those parameters for
which the induction can be completed until %.

Lemma2. Let k be such that ¢¥(1) € (e %, ), and assume the induction
hypothesis valid until k — 1.

Then there exist positive constants p and T depending only on o and
B, such that:

(a) M c(plp VEne [—1,(,07;"”1(1)], for all 5 < p, where p is

(a)'(n) _
the binding period associated to k and a.
o P2
o ros—oe S h r k
b) pe —1 70 — .
(b) p purvr Sk res vand B where e gaa(l)’

, loght s-—1
(© (2 hw) 2 ren | (B - 22 1g) i) 1
Similar results can be obtained when k(1) € (=6, —e**) or for the
orbit of the point —1.
Proof.

CALOIIE = A CA) R ACAL)
(pay (D) = Palpe(1))

To give a proof of part (a) we need the next sum bounded
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As @i (1) > e~ o (ol (1) > Kae~®(5=1) On the other hand,
L&) — h(D)] < |ehlek D) — ph(1)] < P
and as ¢, is C2:

Palh(€)) — ()] < Algh(€) = ph(1)] < e
Then, the sum (1) can be bounded above by:

-1 8 1
Ae=Pl+1) Ae A=
— <
ZEO 26_ai(s_1) gexp [-8+a(s—Dli<p

where § > a(s — 1) is the first condition we impose to o and 3.
Let’s prove (b).
Fixed § < k — 1, there exists € (—1, ;”Ll( 1)), such that:

LB (1) - el = (@h)'(
2

e
< p(tp&)’(l)?(%(l))s > pXyeTT0—=

This, together with the definition of binding period, imply the fol-

k+1( >+1

lowing assertion:
P . —B3 i -7 us
if j<pand j<k, then e > piie™"0°—=, (2)
s

that is:
ros — log pKa/s

7= B+ log A1
(the last inequality because rg < ak, and if « is small)
If p > k, then j can be substituted in the assertion (2) by &k — 1,
obtaining k — 1 < k/2, that is not possible. Thus, p < k, and so j can
be substituted by p in (2), and we obtain:

< k/2

<‘ ros —log pKa/s

~  Btlogh
This gives one of the estimates of p. To get the other suppose that
@l (x) < 3 for all z. Then:

b)) > (w”“)'(n))@f‘i(l)[
Sag+1(90a sOp‘f‘]- 0+ 1 > 6_'6(p+1)
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for some 7 € (0, pk(1)).
From this it follows that
—Bp+1) < (p+1)log3+log

This implies (b).

Finally, let t = s
s—1

(2D (@B )] = L (E () ) (BT )
> Kook (1)°[(0B) (WE T (1))

E()| = (p+1)log3 = o,

1
SK2

> 2201+ OB (ks — Lo (@) ()
1

where 77 is such that

h(=1y = BT = (0l ) (e ) + 1),

Following;:
(P21 (Ph ) > —Ii AL (1) — g~ pmtAT
z;{ % exp(—Alp+1) + — log A
> 7 exp (t’gfl - ﬁ) (p+1).

Finally, if 8 is small, the coefficient of (p + 1) in the exponential is
positive. Then the last inequality in (c) follows by making é small (this
implies that rq is large, and so p is large).

The proof of lemma 2 is complete.

We say that a time j is free for the point 1 and the parameter a if
Il (1)] > 6 and j does not belong to any binding period; j is a return
for the point 1 and the parameter a if |¢%(1)| < § and j does not belong
to any binding period.

Let H;L(a) = #{i < j:i is free for 1 and a}.

We will exclude the parameters a that don’t satisfy the free period
assumption:

Hi(a) 2 1 —e0)j, H;(a)>(1—zg)j (FA)
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H i (@) is defined in the obvious way; €g is a small positive constant.
Now we prove that for a parameter a not excluded by application of
(BA) or (FA) until time k, the induction can be completed.
In fact, during the free periods, lemma 1 implies that the deriva-
tive has exponential -.growth at a rate of Ag, while for binding periods,
lemma, 2 says that we don’t have loose of derivative. So we obtain that

5y () > ,\f'j (®) ek > el(l-c0)logAo—clk > Ak where Ay can be taken
as close to Ag as we wish by making « and gy small.

The same estimates hold for the point —1.

Let E be the set of parameters never excluded. Then as we have just
shown, E satisfies the first item of Theorem 2. Now it must be proved
that 0 is a full density point of E.

Let ET(E;) be the set of parameter values satisfying (BA) until
n for the point 1 (resp. —1). Suppose that n is a return for some
a € E:{_l; then, according to the location of @7 (1}, this parameter
should be excluded or not. Those parameters in E;l that are not
excluded at time n will be divided into small intervals, so forming a
partition of E (for the detailed definition see [BC1], [BC2] or [MV]).

It can be proved, as in the mentioned papers, that:

() (1)

(@F) ()

for all 1 < k < n, where a, b are in the same interval of the partition of
E:_ﬁ the constant B depends only on «, 3 but not on n, a or b.

This fact is the principal reason for introducing the partitions. Now

<B (1)

the measure of the set of parameters excluded by application of (BA)
at step n, can be estimated:

Lemma 3. 7}’;(4‘7:?;;_1\}"5};r ) < Ce*@b"‘”m(Ejﬂl), where the constant C de-
pends only on « and B, and ¥ > 0 is any number less than

logh1 s-—1

B >0

S S

(remember that this was the coefficient of p in the estimates obtained in
part (c) of Lemma 2).
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To prove this lemma a distortion property like (1) is needed for
derivatives with respect to the parameter. This follows by putting (1)
together with the general fact that under expansiveness, derivatives with
respect to the parameter and with respect to the variable are similar.
For this it is used (V.3).

To estimate the measure of the parameter values excluded by the
application of (FA), Benedicks and Carleson introduce a large deviations
argument and prove the following lemma, that can be translated to our
family of maps without essential modifications.

Lemma 4. There exists vg > 0, an absolute constant, such that
m{a € EX:HT(a) < (1 —gg)n} < age 050"

where ag = ag(d) is given by Lemma 1.
For the proof of Lemma 4 we refer to [BC2].
Now we will conclude the proof that m(E) is positive.
Let
Ff =E\{a€ E}:H(a) < (1—eo)n}

FTL_:En\{GEEn:Hn(a) < (1——60)%}

F,=F NE;
Ft=n,soF
F~™ =NpsoF;

Then the intersection of the F), gives the set of parameters never ex-
cluded, that is, &' = N,>0F, = FtnF-.
By Lemma 4, m(E;"\F.;") < age 050",
By Lemma 3, m( EJr 1\E+ < Ce %o . g,
Thus we obtain
m(F \FY) < m(E] \F)
E\E) + m(B\F) < Coe™""ag.

where Cg > 0 and v1 > 0 are independent of ag and n.

()

As (1) = 1 and @g(—1) = —1, it is easy to see that exists a natural-
valued function N such that
e N(ag) o0 asag— 0
e [pl(1)] > & and |l (—1)| > & for every a < ag and j < N(ap).
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Thus F:= = [0, ag] for all j < N(ap).
Therefore using (%) it follows that:

m(F") 2 m((0,aq)) = > m(E, | \F)

n>1

=ay— Y. mF\F)

n>N+1

E Coe """ |, where N = N{ag)
n>N+1

Now, as Cp and 71 don’t depend on ag, we obtain that:
m(FT)
ag

—1 as ap— 0.

The same can be said about F'~, then it follows that
m(E) |
ag
Finally, the constants Cy and g depend only on the number «, 3
and 6.
Thus, a set E verifying the first and the last items of Theorem 2 has

— las "ap — 0.

been founded.

It remains to prove the transitiveness of the maps ¢, for almost
every a € E. This was done in the last chapter of [BC2], where the
density of the unstable manifold of a fixed point was used. Our trans-
formations haven’t fixed points for a # 0, but have two-periodic points
with dense unstable manifold in [—1,1], and so the argument of [BC2]
can be adapted.
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